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Wklv sdshu ghyhorsv d udwlrqdo h{shfwdwlrqv olih0f|foh prgho ghvljqhg dv d iudphzrun iru wkh
furvv0frxqwu| dqdo|vlv ri +sulydwh, vdylqj ghflvlrqv1 Lw lv vkrzq wkdw d eurdg udqjh ri olih0f|foh
prghov wkdw kdyh ehhq xvhg lq wkh olwhudwxuh wr vwxg| djjuhjdwh wlph vhulhv rq frqvxpswlrq dqg
vdylqj idlo wr gholyhu sodxvleoh suhglfwlrqv iru wkh sxusrvh ri dqdo|}lqj vdylqj ghflvlrqv dfurvv
frxqwulhv dv wkh| lpso| wkdw wkh ohyho ri vdylqj kdv d frqvwdqw phdq dqg wkdw wkh orqj0uxq vdylqj
udwh pd| whqg wr }hur1 Lqwurgxflqj d xwlolw| vshflfdwlrq wkdw wlhv wkh orqj0uxq hyroxwlrq ri frq0
vxphuv* dvsluhg frqvxpswlrq sdwkv wr wkdw ri djjuhjdwh oderu lqfrph/ dq dqdo|wlfdoo| wudfwdeoh
olih0f|foh prgho lv sursrvhg wkdw kdv sodxvleoh orqj0uxq surshuwlhv/ lqfoxglqj wkh lpsolfdwlrq
wkdw wkh qhw dvvhw0oderu lqfrph udwlr/ wkh vdylqj udwh/ dqg wkh frqvxpswlrq0oderu lqfrph udwlr
kdyh phdqlqjixo orqj0uxq glvwulexwlrqv1 Wkh prphqwv ri wkh orqj0uxq vdylqj udwh duh vkrzq
wr ghshqg lq d suhflvh zd| rq ydulrxv fkdudfwhulvwlfv ri frqvxphuv* suhihuhqfhv/ wkh uhdo udwh
ri lqwhuhvw/ wkh jurzwk udwh dqg yrodwlolw| ri oderu lqfrph/ wkh jryhuqphqw frqvxpswlrq0oderu
lqfrph udwlr/ dqg wkh jryhuqphqw ghew0oderu lqfrph udwlr1 Hpsor|lqj d gdwd vhw rq vdylqj udwhv
dqg dvvhw kroglqjv dfurvv RHFG hfrqrplhv dqg xvlqj whfkqltxhv iru wkh hvwlpdwlrq ri g|qdplf
khwhurjhqhrxv sdqhov/ wkh sdshu zloo dovr dggxfh hpslulfdo hylghqfh dvvhvvlqj wkh prgho*v delolw|
wr h{sodlq glhuhqfhv lq wkh vdylqj sdwwhuqv dfurvv wkhvh hfrqrplhv1
Nh|zrugv= Vdylqj/ Olih0F|foh Prgho1
MHO0Fodvvlfdwlrq= G<4/ H541
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Wkhuh duh ihz hfrqrplf lvvxhv wkdw kdyh pruh idu uhdfklqj frqvhtxhqfhv wkdq krz krxvhkrogv
surylgh iru wkhlu ixwxuhv wkurxjk vdylqjv/ vdylqjv wkdw lq wxuq khos qdqfh wkh lqyhvwphqw surmhfwv
wkdw upv lqwhqg wr fduu| rxw/ dqg wkdw duh fulwlfdo iru d frxqwu|*v zhoiduh lq wkh orqj uxq1 Lq wklv
sdshu/ zh ghyhors d wkhruhwlfdo iudphzrun iru wkh furvv0frxqwu| dqdo|vlv ri sulydwh vdylqj ghflvlrqv
dqg hpsor| wklv iudphzrun iru dq hpslulfdo dqdo|vlv ri sulydwh vdylqj lq wkh RHFG hfrqrplhv1
Rxu wkhruhwlfdo iudphzrun lv d olih0f|foh prgho ri frqvxpswlrq dqg vdylqj1 Vlqfh slrqhhuhg
e| Prgljoldql dqg Euxpehuj +4<87, dqg Dqgr dqg Prgljoldql +4<96,/ wkh olih0f|foh dssurdfk kdv
ehhq xvhg zlgho| wr xqghuvwdqg frqvxpswlrq dqg vdylqj ghflvlrqv erwk dw wkh krxvhkrog dqg dw
wkh djjuhjdwh ohyho1 Lq wkh odvw ghfdgh/ hpslulfdo zrun edvhg rq olih0f|foh prghov kdv hpskdvl}hg
wzr lvvxhv= Rqh glvwlqjxlvkhg vwudqg ri olwhudwxuh kdv whvwhg wkh lpsolfdwlrqv ri wkhvh prghov iru
djjuhjdwh wlph vhulhv rq frqvxpswlrq dqg vdylqj zlwklq d vlqjoh frxqwu|/ sduwlfxoduo| wkh vhqvlwlylw|
ri frqvxpswlrq wr dqwlflsdwhg dqg xqdqwlflsdwhg fkdqjhv lq oderu lqfrph1 D vhfrqg glvwlqjxlvkhg
vwudqg ri olwhudwxuh kdv dwwhpswhg wr uhfrqfloh olih0f|foh wkhru| zlwk krxvhkrog gdwd/ lqfoxglqj
olihwlph frqvxpswlrq surohv/ irfxvlqj lq sduwlfxodu rq wkh uroh ri suhfdxwlrqdu| vdylqjv dqg ri
oltxlglw| frqvwudlqwv iru krxvhkrogv* frqvxpswlrq ghflvlrqv12 Pruh uhfhqwo|/ d jurzlqj olwhudwxuh
kdv ehhq frqfhuqhg zlwk lghqwli|lqj wkh nh| ghwhuplqdqwv2fruuhodwhv ri sulydwh vdylqj ghflvlrqv
dfurvv frxqwulhv1 Zkloh pdq| vwxglhv lq wklv olwhudwxuh prwlydwh wkhlu uhjuhvvlrqv rq wkh edvlv ri
olih0f|foh wkhru|/ w|slfdoo| qr wljkw olqn ehwzhhq olih0f|foh wkhru| dqg hfrqrphwulf dqdo|vlv kdv ehhq
surylghg1
Lq wklv sdshu/ zh ghyhors d udwlrqdo h{shfwdwlrqv olih0f|foh prgho ghvljqhg dv d iudphzrun iru
wkh furvv0frxqwu| dqdo|vlv ri +sulydwh, vdylqj ghflvlrqv1 Vxfk d prgho qhhgv wr kdyh sodxvleoh
lpsolfdwlrqv iru wkh furvv0frxqwu| glvwulexwlrq ri sulydwh vdylqj ghflvlrqv lq wkh vkruw dqg orqj uxq1
Zh vkrz wkdw d eurdg udqjh ri olih0f|foh prghov wkdw kdyh ehhq xvhg lq wkh olwhudwxuh wr vwxg|
djjuhjdwh wlph vhulhv rq frqvxpswlrq dqg vdylqj idlo wr gholyhu sodxvleoh suhglfwlrqv iru wkh furvv0
frxqwu| dqdo|vlv ri vdylqj ghflvlrqv dv wkh| lpso| wkdw wkh ohyho ri vdylqj kdv d frqvwdqw phdq dqg
wkdw wkh orqj0uxq vdylqj udwh pd| whqg wr }hur1 Zh wkhq sursrvh dq dqdo|wlfdoo| wudfwdeoh olih0f|foh
prgho wkdw kdv sodxvleoh orqj0uxq surshuwlhv/ lqfoxglqj wkh lpsolfdwlrq wkdw wkh qhw dvvhw0oderu
lqfrph udwlr/ wkh vdylqj udwh/ dqg wkh frqvxpswlrq0oderu lqfrph udwlr kdyh phdqlqjixo orqj0uxq
glvwulexwlrqv1 Zkloh rxu prgho lv ghvljqhg wr dgkhuh dv forvho| dv srvvleoh wr wkh olih0f|foh prghov
wkdw kdyh ehhq xvhg lq wkh olwhudwxuh wr vwxg| djjuhjdwh frqvxpswlrq dqg vdylqj gdwd/ wkuhh ihdwxuhv
5iic uLh i @4T*ic #i@|L? Ebb2 @?_ i**M@ih @?_ w@||4Lhi EbbD uLh hiit Lu |t *|ih@|hi
25iic uLh i @4T*ic ||@?@tL E2fffc uLh @ _tUttL? Lu tL4i Lu |t *|ih@|hi
L?|hM|L?t |L |t *|ih@|hi ?U*_i ,_@h_t EbbSc }@!c t|h)c @?_ +i?@h| EbbSc O@h|4@? @?_ ,?}i*
EbbHc @ttL?c @)L4c @?_ 5@4i EbbHc @?_ O@^ic it@h@?c @?_ 5@h4@ E2fff 5ii @*tL |i hiit ?
#i@|L? Ebbb @?_ }i?Lh E2fff
4ri rxu prgho glvwlqjxlvk lw iurp wkrvh suhylrxvo| frqvlghuhg lq wkh olwhudwxuh= Iluvw/ zh dujxh wkdw
wkh frqvxpswlrq sdwkv wkdw frqvxphuv dvsluh wr dfklhyh vkrxog uhhfw +dqwlflsdwhg, lqfuhdvhv lq
wkhlu vwdqgdug ri olylqj1 Zh wkxv sursrvh d xwlolw| vshflfdwlrq wkdw wlhv wkh orqj0uxq hyroxwlrq ri
frqvxphuv* dvsluhg frqvxpswlrq sdwkv wr wkdw ri djjuhjdwh oderu lqfrph/ zkloh dovr doorzlqj iru
vkliwv lq wdvwh durxqg wklv sdwk1 Vhfrqg/ zh vkrz wkdw iru wkh olih0f|foh prgho wr kdyh sodxvleoh
orqj0uxq lpsolfdwlrqv iru wkh ohyho dqg udwh ri vdylqj/ lwv iruflqj yduldeohv/ sduwlfxoduo| oderu lqfrph/
qhhg wr eh prghoohg dv jhrphwulf udwkhu wkdq dulwkphwlf surfhvvhv1e Wklug/ wr fdswxuh lpsruwdqw
dvshfwv ri wkh furvv0frxqwu| glvwulexwlrq ri sulydwh vdylqj ghflvlrqv lghqwlhg lq suhylrxv vwxglhv/
zh ixuwkhupruh prgho wkh uroh ri jryhuqphqw frqvxpswlrq h{shqglwxuhv iru sulydwh frqvxphuv/
lqfrusrudwlqj wkh jryhuqphqw vroyhqf| frqvwudlqw lqwr frqvxphuv* ghflvlrq udwlrqdoh1 Zh vkrz/ lq
sduwlfxodu/ wkdw rxu prgho lpsolhv wkdw wkh prphqwv ri wkh orqj0uxq vdylqj udwh +dv zhoo dv wkh
qhw dvvhw0oderu lqfrph udwlr dqg wkh frqvxpswlrq0oderu lqfrph udwlr, ghshqg lq d suhflvh zd|
rq ydulrxv fkdudfwhulvwlfv ri frqvxphuv* suhihuhqfhv/ wkh uhdo udwh ri lqwhuhvw/ wkh jurzwk udwh dqg
yrodwlolw| ri oderu lqfrph/ wkh jryhuqphqw frqvxpswlrq0oderu lqfrph udwlr/ dqg wkh jryhuqphqw
ghew0oderu lqfrph udwlr1 Zh ixuwkhupruh glvfxvv krz suxghqfh dhfwv wkhvh orqj0uxq uhodwlrqv1
Hpsor|lqj d gdwd vhw rq sulydwh vdylqj udwhv dqg dvvhw kroglqjv dfurvv RHFG hfrqrplhv dqg xvlqj
whfkqltxhv iru wkh hvwlpdwlrq ri g|qdplf khwhurjhqhrxv sdqhov/ hpslulfdo hylghqfh zloo eh dggxfhg
lq ixwxuh yhuvlrqv ri wklv sdshu wr dvvhvv wkh prgho*v delolw| wr h{sodlq glhuhqfhv lq wkh sulydwh
vdylqj sdwwhuqv dfurvv wkhvh hfrqrplhv1
Wkh uhpdlqghu ri wklv sdshu lv rujdql}hg dv iroorzv= Vhfwlrq 5 uhylhzv wkh orqj0uxq surshuwlhv ri
ydulrxv olih0f|foh prghov vwxglhg lq wkh olwhudwxuh/ erwk xqghu txdgudwlf dqg srzhu +FUUD, xwlolw|/
dqg doorzlqj +lq wkh frqwh{w ri wkh iruphu xwlolw| vshflfdwlrq, iru idfwruv vxfk dv kdelw irupdwlrq
dqg ulvn vhqvlwlylw|1 Vhfwlrq 6 sursrvhv d olih0f|foh prgho zkrvh orqj0uxq lpsolfdwlrqv lqfoxgh wkdw
wkh qhw dvvhw0oderu lqfrph udwlr dqg wkh vdylqj udwh kdyh phdqlqjixo orqj0uxq glvwulexwlrqv1 Wkh
hpslulfdo ydolglw| ri ydulrxv lpsolfdwlrqv ri wkh olih0f|foh prgho lqwurgxfhg lq Vhfwlrq 6 iru wkh
furvv0frxqwu| yduldwlrq lq sulydwh vdylqj udwhv lq wkh RHFG lv dqdo|}hg lq Vhfwlrq 71 Vhfwlrq 8
vxppdul}hv dqg frqfoxghv zlwk vrph vxjjhvwlrqv iru ixwxuh uhvhdufk1
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Zh ehjlq zlwk wkh Kdoo +4<:;, olih0f|foh prgho1 Zkloh lw lv ryhuo| vlpsolvwlf +dqg zh zloo frqvlghu
pxfk ulfkhu prghov lq zkdw iroorzv,/ lw vhuyhv dv d xvhixo uvw ehqfkpdun iru wkh orqj0uxq lpsol0
fdwlrqv ri d olih0f|foh prgho1D Frqvlghu d uhsuhvhqwdwlyh/ lqqlwho|0olyhg frqvxphu kdylqj dffhvv wr
shuihfw fuhglw pdunhwv1 Vxssrvh wkdw wkh uhdo udwh ri lqwhuhvw rq grphvwlf dvvhwv/ u|/l vj l y h qe |
u |@uA3 > +514,
iru doo w/ dqg wkdw oderu lqfrph uhfhlyhg dw wkh ehjlqqlqj ri shulrg w/ ||/ lv jhqhudwhg e| wkh
dulwkphwlf dxwruhjuhvvlyh surfhvvS
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zkhuh f| ghqrwhv frqvxpswlrq h{shqglwxuh dw wkh ehjlqqlqj ri shulrg w/  @+ 4. ,
3 + u ,l vd
frqvwdqw glvfrxqw idfwru/ dqg e phdvxuhv +wkh h{rjhqrxv frpsrqhqw wr, wkh frqvxphu*v dvsludwlrq/
lq wkh Kdoo +4<:;, prgho dvvxphg wr eh frqvwdqw1 Wkh frqvxphu pd{lpl}hv +518, e| fkrrvlqj
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zkhuh | ghqrwhv wkh lqirupdwlrq vhw dydlodeoh wr wkh frqvxphu dw wkh ehjlqqlqj ri shulrg w/d q g
H+ m|, lv wkh pdwkhpdwlfdo frqglwlrqdo h{shfwdwlrqv rshudwru/ dqg jlyhq dq lqlwldo zhdowk ohyho/
d|31
Wkh rswlpdo ghflvlrq uxoh iru wkh olih0f|foh prgho +518,/ +519,/ +51:,/ dqg +514, xqghu wkh oderu
lqfrph vshflfdwlrq +516, fdq eh uhdglo| vkrzq wr eh jlyhq e|.
f| @ 2d|3 . || . e . Dw> +51;,
zkhuh
2 @4.u> +51<,
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5 +3>4`= +5147,
Wr xqghuvwdqg wkh lpsolfdwlrqv ri wkh ghflvlrq uxoh +51;, iru wkh orqj0uxq ehkdylru ri frqvxpswlrq
dqg vdylqj/ zh vroyh +51;, iru d|3/ vxevwlwxwh wkh uhvxowdqw h{suhvvlrq dv zhoo dv lwv frxqwhusduw iru
d| edfn lqwr wkh shulrg w exgjhw frqvwudlqw/ dqg xvh wkh vshflfdwlrq ri wkh oderu lqfrph surfhvv
+516, dqg wkh ghqlwlrqv ri e dqg D jlyhq lq +5144, dqg +5145,/ uhvshfwlyho|/ wr rewdlqH
+4  O,f| @ #+%+| .+ 4,e= +5148,
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7Wkhuh duh d qxpehu ri qrwhzruwk| lpsolfdwlrqv ri wkh ghflvlrq uxoh zulwwhq lq wkh irup ri +5148,
iru wkh orqj0uxq ehkdylru ri frqvxpswlrq dqg vdylqj= Fohduo|/ wkh frqvxpswlrq surfhvv kdv qr
ghwhuplqlvwlf wuhqg ru guliw/ uhjdugohvv ri zkhwkhu wkh oderu lqfrph surfhvv kdv d frqvwdqw phdq/
d ghwhuplqlvwlf wuhqg/ ru d guliw1 Ixuwkhupruh/ wkh frqvxpswlrq surfhvv glvsod|v d xqlw urrw li dqg
rqo| li  @ 4/ wkdw lv/ li wkh frqvxphu*v glvfrxqw udwh lv htxdo wr wkh pdunhw uhdo udwh ri lqwhuhvw1
Frqvhtxhqwo|/ iurp wkh shulrg0e|0shulrg exgjhw frqvwudlqwv/ li wkhuh lv d ghwhuplqlvwlf wuhqg ru d
guliw lq oderu lqfrph/ wkhq wkhuh lv d ghwhuplqlvwlf wuhqg ru guliw ri wkh rssrvlwh vljq lq wkh zhdowk
ohyho1 Dv vkrzq lq Dsshqgl{ E/ glvsrvdeoh lqfrph/ ghqhg dv
|_
| @ || . ud|3> +5149,
xqghu ?4 iroorzv d fryduldqfh vwdwlrqdu| surfhvv zlwk phdq e+@u/ dqg xqghu  @4l vd qL+4,
surfhvv zlwk qr guliw1 Dv dovr vkrzq lq Dsshqgl{ E/ wkh ohyho ri vdylqj/ ghqhg dv
v| @ d|  d|3 @ |_
|  f|> +514:,







whqgv wr }hur dv wkh phdq ri glvsrvdeoh lqfrph ehfrphv odujh1 Wkhvh lpsolfdwlrqv duh furvvo|
dw rggv zlwk wkh hpslulfdo uhjxodulwlhv iru wkh RHFG frxqwulhv +dqg eh|rqg,= Frqvxpswlrq shu
fdslwd gdwd/ zkhwkhu frqvlghuhg lq ohyhov ru orjdulwkpv glvsod| dq xszdug wuhqg2guliw/ dv gr wkh
gdwd rq +sulydwh, vdylqj shu fdslwd1 Wkh +sulydwh, vdylqj udwh/ zkloh ydu|lqj vljqlfdqwo| dfurvv
frxqwulhv/ lq qr frxqwu| vkrzv d whqghqf| wr frqyhujh wr }hur1 Lq wkh Kdoo +4<:;, olih0f|foh prgho/
uhjdugohvv ri zkhwkhu ?4 +vr wkdw wkh frqvxphu lv sdwlhqw, ru  @ 4 +vr wkdw wkh frqvxphu lv _wlph
lqglhuhqw%,/ wkhuh lv qr prwlydwlrq iru wkh frqvxphu wr fkrrvh dq xszdug vorslqj frqvxpswlrq
suroh1 Udwkhu/ wkh orqj0uxq phdq ri frqvxpswlrq lv fkrvhq wr eh wkh eolvv +li ?4, ru wkh
lqlwldo ohyho ri frqvxpswlrq +li  @ 4,1 Wkh frqvxphu dqwlflsdwhv dq| xszdug wuhqg2guliw lq oderu
lqfrph/ dqg fdq eruurz djdlqvw lw1 Vxemhfw wr wkh wudqvyhuvdolw| frqglwlrq/ wkhuh lv qr xsshu
erxqg rq wkh ohyho ri lqghewhgqhvv/ dqg wkh frqvxphu lv qhyhu oldeoh iru sulpdu| exgjhw ghflwv1
Rqh pd| wkxv frqmhfwxuh wkdw pruh sodxvleoh orqj0uxq lpsolfdwlrqv zrxog uhvxow li wkh Kdoo prgho
lv prglhg vxfk wkdw frqvxphuv kdyh d prwlydwlrq wr pdlqwdlq dq xszdug vorslqj frqvxpswlrq
suroh dqg2ru li wkh| duh hyhqwxdoo| oldeoh iru sulpdu| exgjhw ghflwv1 Zh wkhuhiruh frqvlghu
irxu prglfdwlrqv ri wkh Kdoo prgho/ vrph ri zklfk kdyh ehhq vxjjhvwhg lq wkh olwhudwxuh wr kdyh
vxfk hhfwv= kdelw irupdwlrq/ suxghqfh +suhfdxwlrqdu| vdylqj,/ wuhqghg2guliwlqj dvsludwlrq/ dqg
qlwho|0olyhg ryhuodsslqj jhqhudwlrqv1
8Kdelw Irupdwlrq












{|n @ f|n  e> +5153,
dqg  5 ^3>4, phdvxuhv wkh ghjuhh ri suhihuhqfh iru kdelw irupdwlrq1 Dovr dvvxph qrz wkdw wkh
lqlwldo ohyho ri frqvxpswlrq/ f|3/ lv jlyhq1 Qrwlfh wkdw xqghu wklv suhihuhqfh vshflfdwlrq lqyroylqj
kdelw irupdwlrq/ frqvxpswlrq ohyhov pxvw eh frqwlqxdoo| lqfuhdvlqj lq rughu wr rvhw wkh qhjdwlyh
hhfw wkdw sdvw frqvxpswlrq kdv rq fxuuhqw0shulrg xwlolw|/ dqg wkh frqvxpswlrq sdwk pljkw eh
h{shfwhg wr eh xszdug wuhqglqj hyhq lq wkh orqj uxq1
Wkh rswlpdo ghflvlrq uxoh iru wkh olih0f|foh prgho +514<,/ +519,/ +51:,/ dqg +514, xqghu wkh oderu
lqfrph vshflfdwlrq +516, fdq eh vkrzq wr eh jlyhq e|b
























# + +> +5157,
dqg  dqg D duh ghqhg e| +5143, dqg +5145,/ uhvshfwlyho|/ exw zlwk #+ qrz jlyhq e|
#+ @
+4 . u  ,+4.u,
+4 . u  !+,+4.u,
+5158,
udwkhu wkdq +5146,1 Djdlq vroylqj wkh ghflvlrq uxoh +5154, iru d|3/ vxevwlwxwlqj wkh uhvxowdqw
h{suhvvlrq dv zhoo dv lwv frxqwhusduw iru d| edfn lqwr wkh shulrg w exgjhw frqvwudlqw/ dqg xvlqj wkh
vshflfdwlrq ri wkh oderu lqfrph surfhvv +516, dqg wkh ghqlwlrqv ri e dqg D jlyhq lq +5157, dqg
+5145,/ uhvshfwlyho|/ rqh rewdlqv
+4  O,+4O,f| @ #+%+| .+ 4,+4,e= +5159,
b5ii TTi?_  uLh @ ThLLu
9Iurp +5159,/ lw lv uhdglo| vhhq wkdw wkh nh| orqj0uxq lpsolfdwlrqv iru frqvxpswlrq/ zhdowk/ dqg vdylqj
duh xqdhfwhg e| wkh suhvhqfh ri kdelw irupdwlrq= Wkh frqvxpswlrq surfhvv vwloo kdv d frqvwdqw
phdq/ uhjdugohvv ri zkhwkhu wkh oderu lqfrph surfhvv kdv d frqvwdqw phdq/ d ghwhuplqlvwlf wuhqg/ ru
d guliw1 Wkh frqvxpswlrq surfhvv kdv d xqlw urrw li dqg rqo| li  @ 4/ wkdw lv/ li wkh glvfrxqw udwh lv
htxdo wr wkh pdunhw uhdo udwh ri lqwhuhvw1 Li wkhuh lv d ghwhuplqlvwlf wuhqg ru d guliw lq oderu lqfrph/
wkhq wkhuh lv d ghwhuplqlvwlf wuhqg ru guliw ri wkh rssrvlwh vljq lq wkh zhdowk ohyho1 Glvsrvdeoh
lqfrph xqghu ?4 iroorzv d fryduldqfh vwdwlrqdu| surfhvv zlwk phdq e  +@u/ dqg xqghu  @4
lv dq L +4, surfhvv zlwk qr guliw1 Wkh ohyho ri vdylqj lq hlwkhu fdvh iroorzv d fryduldqfh vwdwlrqdu|
surfhvv zlwk phdq +@u1 Wkh vdylqj udwh wkhuhiruh whqgv wr }hur dv wkh phdq ri glvsrvdeoh lqfrph
ehfrphv odujh1 Kdelw irupdwlrq shu vh wkxv grhv qrw khos wr ryhufrph wkh sureohpdwlf orqj0uxq
lpsolfdwlrqv ri wkh Kdoo prgho1
Suxghqfh +Ulvn Vhqvlwlylw|,
Wr lqwurgxfh d suhfdxwlrqdu| vdylqj prwlyh lqwr wkh deryh olih0f|foh prgho xqghu kdelw irupdwlrq/
zh h{whqg Zloodvvhq*v +4<<5, dqdo|vlv ri frqvxpswlrq xqghu ulvn vhqvlwlylw| wr doorz iru kdelw


























zkhuh   3 phdvxuhv wkh ghjuhh ri ulvn vhqvlwlylw|/ zlwk {|n vwloo ehlqj jlyhq e| +5153,1 Xqghu
wkh suhihuhqfh vshflfdwlrq +515:,/ dv xqghu FDUD dqg FUUD xwlolw|/ wkh frqvxphu zloo zdqw
wr surylgh iru ixwxuh oderu lqfrph frqwlqjhqflhv wkurxjk suhfdxwlrqdu| vdylqj/ lqgxflqj +dw ohdvw
whpsrudulo|, dq xszdug vorslqj frqvxpswlrq suroh1
Wr ghwhuplqh zkhwkhu wkh frqvxpswlrq sdwk lv xszdug wuhqglqj hyhq lq wkh orqj uxq/ ohw xv
dqdo|}h wkh rswlpdo ghflvlrq uxoh iru wkh olih0f|foh prgho +515:,/ +519,/ +51:,/ dqg +514, xqghu wkh
oderu lqfrph vshflfdwlrq +516,1 Lw fdq eh vkrzq wr eh jlyhq e|





























f5ii @*tL `i* Ebb @?_ O@?ti?c A@**@h?c @?_ 5@h}i?| Ebbb uLh *uiU)U*i 4L_i*t ?_ih ht! ti?t||)
5ii TTi?_  uLh @ ThLLu
:dqg 2/ /d q g Djlyhq e| +5156,/ +5143,/ dqg +5145,/ uhvshfwlyho|/ zlwk #+ qrz jlyhq e|
#+ @
+4 . u  ,+4.u,













Qrwh wkdw wkh surshqvlwlhv wr frqvxph rxw ri sdvw frqvxpswlrq dqg oderu lqfrph duh srvlwlyh li
??4.u /r u /h t x l y d o h q w o | /l i?+4 . u  !+,
2 @

+4 . u  ,2
+

? 4.u 1 Suhfdxwlrqdu|
vdylqj lv uhhfwhg lq wkh idfw wkdw wkh pdujlqdo surshqvlwlhv wr frqvxph rxw ri sdvw frqvxpswlrq/
oderu lqfrph/ dqg zhdowk duh dhfwhg e| wkh suxghqfh prwlyh1 Wr vhh wklv/ lw lv xvhixo wr uhzulwh
wkh ghflvlrq uxoh +515;, dv
f| @ f|3 .+ 4,e*|> +5166,
zkhuh
 @








































Li wkh sdudphwhu uhvwulfwlrq *| 5 +3>f |3.+ 4,e , lv vdwlvhg/ suhfdxwlrqdu| vdylqj lv dvvxuhg
wr eh srvlwlyh/ dqg wkh odujhu wkh ghjuhh ri ulvn vhqvlwlylw|/ / ru wkh yrodwlolw| ri oderu lqfrph/ 2
+/
wkh odujhu wkh dprxqw ri suhfdxwlrqdu| vdylqj1 +Qrwh wkdw dv  dqg2ru 2
+ lqfuhdvh/ wkhq vr gr 
dqg >d o v rq r w hw k d w* |ghshqgv qhlwkhu rq  qru rq 2
+1,
Djdlq vroylqj wkh ghflvlrq uxoh +515;, iru d|3/ vxevwlwxwlqj wkh uhvxowdqw h{suhvvlrq dv zhoo dv lwv
frxqwhusduw iru d| edfn lqwr wkh shulrg w exgjhw frqvwudlqw/ dqg xvlqj wkh oderu lqfrph vshflfdwlrq
+516, dqg wkh ghqlwlrqv ri e dqg D jlyhq lq +5163, dqg +5145,/ uhvshfwlyho|/ rqh rewdlqv









;Lq wkh suhvhqfh ri ulvn vhqvlwlylw|/ wkh frqvxpswlrq surfhvv dqg wkh glvsrvdeoh oderu lqfrph surfhvv
fdqqrw kdyh xqlw urrwv dq|pruh/ uhjdugohvv ri wkh surshuwlhv ri oderu lqfrph1 Lw lv uhdglo| yhulhg







+4 . u  !+,
2
u+4 . u  ,
&
+  u,= +516;,
Krzhyhu/ vlqfh e| dvvxpswlrq m!+m4/ 3 ?u /d q g3/ +516;, fdq krog li dqg rqo| li  @ u
dqg wkxv  @ 31 Wkh rwkhu orqj0uxq lpsolfdwlrqv iru frqvxpswlrq/ zhdowk/ dqg vdylqj/ krzhyhu/ duh
xqdhfwhg e| wkh suhvhqfh ri ulvn vhqvlwlylw|= Wkh frqvxpswlrq surfhvv vwloo kdv d frqvwdqw phdq/
uhjdugohvv ri zkhwkhu wkh oderu lqfrph surfhvv kdv d frqvwdqw phdq/ ghwhuplqlvwlf wuhqg/ ru guliw1
Li wkhuh lv d ghwhuplqlvwlf wuhqg ru d guliw lq oderu lqfrph/ wkhq wkhuh lv d ghwhuplqlvwlf wuhqg ru
guliw ri wkh rssrvlwh vljq lq wkh zhdowk ohyho/ dqg wkh ohyho ri vdylqj iroorzv d fryduldqfh vwdwlrqdu|
surfhvv zlwk phdq +@u1 Wkh vdylqj udwh wkhuhiruh whqgv wr }hur dv wkh phdq ri glvsrvdeoh
lqfrph ehfrphv odujh1 Kdelw irupdwlrq dqg ulvn vhqvlwlylw| shu vh wkxv gr qrw khos wr ryhufrph
wkh sureohpdwlf orqj0uxq lpsolfdwlrqv ri wkh Kdoo prgho1
Wuhqghg2Guliwlqj Dvsludwlrq
Vxssrvh qrz wkdw wkh h{rjhqrxv frpsrqhqw ri wkh frqvxphu*v dvsludwlrq frqwdlqv d ghwhuplqlvwlf
wuhqg ru d guliw uhhfwlqj +dqwlflsdwhg, lqfuhdvhv lq wkh vwdqgdug ri olylqj dv zhoo dv d vwrfkdvwlf
frpsrqhqw uhhfwlqj vkliwv lq wdvwhv=
{|n @ f|n  e|n> +516<,
zkhuh e| lv jhqhudwhg e| wkh dulwkphwlf dxwruhjuhvvlyh surfhvv








K @+ 4! K,( K.! K K= +5174,
Vlqfh wkh frqvxphu lv qrz prghoohg dv dwwhpswlqj wr nhhs xs zlwk d wuhqghg2guliwlqj +h{rjh0
qrxv, dvsludwlrq surfhvv/ rqh pljkw h{shfw wkdw wklv prgho uhqghuv dq xszdug vorslqj frqvxpswlrq
suroh1 Wkh rswlpdo ghflvlrq uxoh iru wkh olih0f|foh prgho +515:,/ +519,/ +51:,/ dqg +514, xqghu wkh
vshflfdwlrq ri wkh h{rjhqrxv frpsrqhqw ri wkh frqvxphu*v dvsludwlrq +5173, dqg wkh oderu lqfrph
vshflfdwlrq +516, fdq eh vkrzq wr eh jlyhq e|2
f| @ f|3 . 2d|3 . || . Se| . .e|3 .+  e. H,.+  D. b,w> +5175,
25ii TTi?_  uLh @ ThLLu
<zkhuh / 2/d q g duh jlyhq e| +515<,/ +5156,/ dqg +5143,/ uhvshfwlyho| +zlwk #+ vwloo jlyhq e|











# + +> +5176,
D lv jlyhq e| +5145,/ dqg S/ ./ H/d q g bd u hg h  q h gd vi r o o r z v =



























+4 . u  ,+4.u,















+4 . u  ,
2
+4 . u  !K,
2 +4 . u,
&
= +517<,
Qrwh wkdw wkh surshqvlwlhv wr frqvxph rxw ri sdvw frqvxpswlrq/ oderu lqfrph/ dqg wkh fxuuhqw
h{rjhqrxv frpsrqhqw wr dvsludwlrq duh srvlwlyh/ dqg wkh surshqvlw| wr frqvxph rxw ri wkh sdvw
h{rjhqrxv frpsrqhqw wr dvsludwlrq lv qhjdwlyh/ li ??4.udqg #K ? 41
Vroylqj wkh ghflvlrq uxoh +5175, iru d|3/ vxevwlwxwlqj wkh uhvxowdqw h{suhvvlrq dv zhoo dv lwv
frxqwhusduw iru d| edfn lqwr wkh shulrg w exgjhw frqvwudlqw/ xvlqj wkh oderu lqfrph vshflfdwlrq
+516, dqg qrwlqj wkdw vlqfh m!Km ? 4/ zh fdq zulwh e| dv
e| @ (K . Kw .+ 4! KO ,
3 % K|> +5183,
rqh rewdlqv
+4  !KO,+4O,+4O,f| @ #+ +4  !KO,%+| +5184,
.+4! K,














+4 . u,+4# K,













+4 . u,+4# K,

Kw




+4 . u,+4# K,

% K|=
Wkh uhsuhvhqwdwlrq +5184, ri wkh ghflvlrq uxoh uhyhdov wkdw wkh frqvxpswlrq surfhvv qrz frqwdlqv d
ghwhuplqlvwlf wuhqg ru guliw1 Li A3 +vr wkdw wkhuh lv ulvn vhqvlwlylw|,/ frqvxpswlrq dqg glvsrvdeoh
lqfrph iroorz wuhqg vwdwlrqdu| surfhvvhv/ uhjdugohvv ri zkhwkhu m!+m ? 4r u! +@ 4/ dqg uhjdugohvv
ri zkhwkhu ?uru  @ u1 +Wklv lv dovr wuxh li  @3d q g?u ,1 Li  @3d q g@u /w k h q
frqvxpswlrq dqg glvsrvdeoh lqfrph iroorz L +4, surfhvvhv zlwk guliw1 Zulwlqj frqvxpswlrq dqg
glvsrvdeoh lqfrph dv ixqfwlrqv ri d frqvwdqw/ d wuhqg whup/ dqg fxuuhqw dqg odjjhg ydoxhv ri %+|
dqg %K| rqo|/ wkh frhflhqw rq w i r ue r w ky d u l d e o h vu h g x f h vw r K 1 Dv vkrzq lq Dsshqgl{ E/ wkh
ohyho ri vdylqj lq dq| fdvh iroorzv d fryduldqfh vwdwlrqdu| surfhvv/ qrz zlwk phdq +K  +,@u1
Xqghu K A 3/ wkh vdylqj udwh wkhuhiruh frqyhujhv wr }hur dv w $4 1 Wkxv/ d wuhqghg2guliwlqj
+h{rjhqrxv, dvsludwlrq surfhvv ryhufrphv wkh sureohpdwlf orqj0uxq lpsolfdwlrqv ri wkh Kdoo prgho
rqo| sduwldoo|1 Zkloh uhqghulqj d wuhqg2guliw lq wkh frqvxpswlrq surfhvv/ lw grhv qrw shu vh gholyhu
sodxvleoh orqj0uxq suhglfwlrqv iru wkh ohyho dqg wkh udwh ri vdylqj1
Ilqlwho|0Olyhg Ryhuodsslqj Jhqhudwlrqv
Iroorzlqj \ddul +4<98,/ Eodqfkdug +4<;8,/ dqg Jdol +4<<3,/ ohw xv uhod{ wkh dvvxpswlrq ri dq
lqqlwho|0olyhg uhsuhvhqwdwlyh frqvxphu dqg frqvlghu dq hfrqrp| ri qlwho|0olyhg ryhuodsslqj jhq0
hudwlrqv1 Vxssrvh wkdw wkh suredelolw| ri vxuylydo iurp shulrg w wr shulrg w .4l v { h gd w4s /
s5+3>4,1 Wkhuh lv qr pd{lpxp olihwlph1 Wkh vl}h ri hdfk frkruw dw eluwk lv qrupdol}hg wr s1
Ghqrwlqj e| q^| w k hv l } hl qs h u l r gwri wkh frkruw eruq lq shulrg t +w  t/c f r k r u wt *,/ zh wkxv kdyh
q^| @ s+4  s,
|3^ /+ 5 1 8 5 ,




q^| @4 = +5186,
+Zkloh wkhuh lv vxuylydo xqfhuwdlqw| dw wkh lqglylgxdo ohyho/ wkhuh lv qr xqfhuwdlqw| derxw wkh vl}h ri
hdfk frkruw dqg wkh vl}h ri wkh wrwdo srsxodwlrq li hdfk frkruw lv vxflhqwo| odujh iru d odz ri odujh
qxpehuv wr dsso|1, Wkhuh lv dq dqqxlw| up wkdw sd|v wr +uhfhlyhv iurp, hdfk frqvxphu kroglqj
srvlwlyh +qhjdwlyh, zhdowk lq shulrg w dq dqqxlw|/ lq uhwxuq iru lqkhulwlqj wkh frqvxphuv* zhdowk
+sd|lqj r klv2khu ghew, zkhq kh2vkh glhv1 Wkxv/ wklv dqqxlw| up krogv doo ri wkh frqvxphuv*
44jurvv dvvhwv dqg qdqfhv doo ri wkhlu jurvv eruurzlqj1 D }hur surw frqglwlrq iru wkh dqqxlw| up





Wr lqwurgxfh olih0f|foh vdylqjv/ lw lv dvvxphg wkdw hdfk frqvxphu*v oderu vxsso| lv ghfolqlqj jhr0







|3^ >t  w> +5188,
zkhuh o^| ghqrwhv wkh oderu vxsso| lq shulrg w ri d frqvxphu eruq lq shulrg t/d q g5^3>4,1 Qrwh




q^|o^| @4 = +5189,
Oderu lqfrph uhfhlyhg dw wkh ehjlqqlqj ri shulrg w e| d frqvxphu ehorqjlqj wr frkruw t lv jlyhq
e|

































vxemhfw wr wkh shulrg0e|0shulrg exgjhw frqvwudlqwv/





3 H +d^c|nm^|,@3 > +5194,
dqg jlyhq dq lqlwldo zhdowk ohyho d^c|31Q r w h w k d w H + x ^c|nm^|, ghqrwhv wkh h{shfwhg ydoxh ri
x^c|n frqglwlrqdo rq wkh frqvxphu ehlqj dolyh dw wkh ehjlqqlqj ri shulrg w . m +^| ghqrwhv wkh
6Lh t4T*U|) Lu i TLt|L?c i @}@? @Mt|h@U| uhL4 @M| uLh4@|L? @?_ ht! ti?t||)c @?_ @tt4i @ UL?t|@?|
i L}i?Lt UL4TL?i?| |L i@U UL?t4ih<t @tTh@|L?
45lqirupdwlrq vhw dydlodeoh dw wkh ehjlqqlqj ri shulrg w wr d frqvxphu ehorqjlqj wr frkruw t,1 Lw lv
dovr dvvxphg wkdw d^c^3 @ 3/ wkdw lv/ frqvxphuv lq hdfk frkruw duh eruq kroglqj qr dvvhwv1
Zkloh lw lv fohdu iurp rxu dqdo|vlv deryh wkdw wkh ghflvlrq uxohv ri hdfk lqglylgxdo frqvxphu kdyh
wkh vdph orqj0uxq surshuwlhv dv wkrvh lq wkh Kdoo prgho/ lw lv qdwxudo wr h{shfw wkdw dyhudjh shu
fdslwd frqvxpswlrq zloo eh wuhqghg2guliwlqj= Hdfk frkruw kdv d kljkhu h{shfwhg suhvhqw glvfrxqwhg
ydoxh ri olihwlph uhvrxufhv wkdq wkh suhylrxvo| eruq frkruw +gxh wr wkh wuhqg2guliw lq dyhudjh shu
fdslwd oderu lqfrph,/ dqg wkxv dyhudjh shu fdslwd frqvxpswlrq zloo eh jurzlqj ryhu wlph1 Wkh
rswlpdo shulrg w ghflvlrq uxoh ri hdfk frqvxphu ehorqjlqj wr frkruw t iru wkh olih0f|foh prgho +518<,/
+5193,/ +5194,/ dqg +514, xqghu wkh oderu lqfrph vshflfdwlrq +518:, dqg +516, lv jlyhq e|

















Ghqlqj dyhudjh shu fdslwd zhdowk dw wkh ehjlqqlqj ri shulrg w dv d| @
S|
^'3" q^|d^|/i u r p
+5193, lwv hyroxwlrq fdq eh vkrzq wr eh jlyhq e|
d| @+ 4.u ,d | 3 .| |f |> +5196,
zkhuh f| ghqrwhv dyhudjh shu fdslwd frqvxpswlrq/ f| @
S|
^'3" q^|f^|1 Qrwh wkdw lq wkh djjuhjdwh
wkh jurvv uhwxuq rq zhdowk lv htxdo wr 4 . u1 Dyhudjh shu fdslwd frqvxpswlrq iurp +5195, pd| eh
yhulhg wr eh jlyhq e|
f| @ 2d|3 . || . e . Dw> +5197,
zkhuh
2 @+ 4s ,+4.},> +5198,





















+4  ,+4! +,
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46Lq Dsshqgl{ E lw lv vkrzq wkdw li rqh zulwhv wkh frqvxpswlrq ghflvlrq uxoh lq prylqj dyhudjh




S . Sw . S
S|
' %+ . S+ O ,% +|> li !+ @4 >
 S. Sw. S+ O ,% +|> li m!+m ? 4>
+51:3,
zkhuh S +O, lv dq lqqlwh0rughu odj sro|qrpldo/ dqg
S @ 'S+> +51:4,
zlwk
'S @
^+4  ,s . `^u+5 . u,.s+4  s,`
^s . u .+ 4s , `^s.u+4  s,`
= +51:5,
Lw iroorzv wkdw frqvxpswlrq lv wuhqghg li sA3/ dqg glvsod|v d xqlw urrw li dqg rqo| li wkhuh lv d
xqlw urrw lq oderu lqfrph1 Wklv krogv uhjdugohvv ri zkhwkhu ?4r u@ 41 Li wkhuh lv d xqlw urrw lq
oderu lqfrph/ wkhq wkh wulyduldwh YDU lq

f|>d | 3  >| |
 






















+4  s,^.+4  ,u`
^s . u .+ 4s , `^s.u+4  s,`
= +51:7,
Wkxv/ lq wkh djjuhjdwh/ frqvxpswlrq dqg oderu lqfrph dv zhoo dv zhdowk dqg oderu lqfrph duh
frlqwhjudwhg1e Wkh frlqwhjudwlqj yhfwruv +51:6, duh dovr frwuhqglqj yhfwruv1 Uhjdugohvv ri zkhwkhu
wkhuh lv d xqlw urrw lq oderu lqfrph/ wkh ohyho ri vdylqj iroorzv d fryduldqfh vwdwlrqdu| surfhvv zlwk
phdq '@@1 Dv glvsrvdeoh lqfrph kdv d ghwhuplqlvwlf wuhqg +li ?4, ru d guliw +li  @ 4, +wkh
wuhqg2guliw frhflhqw lv jlyhq e| +'@u .4 , +,/ wkh vdylqj udwh frqyhujhv wr }hur dv w $4 1W k x v /d v
iru wkh fdvh ri d wuhqghg2guliwlqj +h{rjhqrxv, dvsludwlrq surfhvv/ zkloh wkh \ddul +4<98,2Eodqfkdug
+4<;8,2 Jdol +4<<3, ryhuodsslqj jhqhudwlrqv prgho grhv uhqghu d wuhqg2guliw lq wkh dyhudjh shu
fdslwd frqvxpswlrq surfhvv/ dqg lq dgglwlrq lq wkh fdvh ri d guliw dovr uhqghuv frqvxpswlrq dqg
oderu lqfrph frlqwhjudwhg/ lw idlov wr gholyhu sodxvleoh orqj0uxq suhglfwlrqv iru wkh ohyho dqg udwh ri
vdylqj1
eAt hit*| @t @*tL Mii? LM|@?i_ M) B@* Ebbf t?} _gihi?| hi@tL??} |@? |i V+ uh@4iLh! UL?t_ihi_
? TTi?_ 
4722 L_i*t `| Lih N|*|)
Zh frqvlghu qh{w zkdw uroh wkh fxuydwxuh ri wkh xwlolw| ixqfwlrq sod|v iru wkh orqj0uxq surshuwlhv ri
wkh frqvxpswlrq dqg vdylqj ghflvlrqv/ dqg frqvlghu wkh fdvh ri srzhu xwlolw|1 Wr nhhs wkh dqdo|vlv
dqdo|wlfdoo| wudfwdeoh/ zh frqwlqxh wr dvvxph wkdw   u/ dqg/ sduwldoo| lq oljkw ri wkh uhvxowv lq
Vhfwlrq 514/ devwudfw iurp suxghqfh1D










zkhuh A3 uhsuhvhqwv wkh frhflhqw ri uhodwlyh ulvn dyhuvlrq +ru wkh uhflsurfdo ri wkh lqwhuwhpsrudo






















. g| @ > +51::,
zlwk g| A 31 Lq zkdw iroorzv/ zh suhvxph wkdw fhuwdlqw| htxlydohqfh krogv lq wkh frqvxphu*v
rswlpl}dwlrq sureohp/ vr wkdw g| @3i r ud o ow 1 S
Wkh rswlpdo ghflvlrq uxoh iru wkh olih0f|foh prgho +51:8,/ +519,/ +51:,/ dqg +514, xqghu wkh oderu
lqfrph vshflfdwlrq +516, lv jlyhq e|
f| @ 2d|3 . || . e . Dw> +51:;,
zkhuh
2 @4.u 3  *j> +51:<,
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4.u 3  *j
4.u! +
= +51;6,
Iru wkh pdujlqdo surshqvlwlhv wr frqvxph rxw ri zhdowk dqg oderu lqfrph wr eh srvlwlyh/ lw lv
qhfhvvdu| wkdw 3*j ? 4.u1 Vroylqj wkh ghflvlrq uxoh +51:;, iru d|3 dqg vxevwlwxwlqj wkh uhvxowdqw
h{suhvvlrq dv zhoo dv lwv frxqwhusduw iru d| edfn lqwr wkh shulrg w exgjhw frqvwudlqw/ dqg xvlqj wkh




f| @ #+%+|= +51;7,
Xqghu ?uwkhuh lv dq h{sorvlyh urrw lq wkh dxwruhjuhvvlyh frpsrqhqw ri f|/ uhqghulqj wkh frq0
vxpswlrq sdwk xqvwdeoh1 Lq frqwudvw wr olih0f|foh prghov zlwk txdgudwlf xwlolw|/ olih0f|foh prghov
xqghu srzhu xwlolw| kdyh ehhq zlgho| vwxglhg xqghu d jhrphwulf +udwkhu wkdq dulwkphwlf, vshflfd0
wlrq ri wkh oderu lqfrph surfhvv/ dqg zh zloo vhh qh{w wkdw grlqj vr doorzv wr ghulyh pruh sodxvleoh
orqj0uxq lpsolfdwlrqv iru wkh frqvxpswlrq surfhvv1
Vxssrvh wkdw oderu lqfrph iroorzv wkh jhrphwulf udqgrp zdon surfhvv























@h { s+  +,4 += +51;:,
Wkh rswlpdo ghflvlrq uxoh iru wkh olih0f|foh prgho +51:8,/ +519,/ +51:,/ dqg +514, xqghu wkh oderu
lqfrph vshflfdwlrq +51;8, lv jlyhq e|
f| @ 2d|3 . ||> +51;;,
zkhuh
2 @4.u 3  *j> +51;<,
dqg
 @
4.u 3  *j
u  +
= +51<3,
49Qrwh wkdw iru f| srvlwlyh/ xqghu + ?ulw lv qhfhvvdu| wkdw 3*j ? 4.u1 Vroylqj wkh ghflvlrq uxoh
+51;;, iru d|3 dqg vxevwlwxwlqj wkh uhvxowdqw h{suhvvlrq dv zhoo dv lwv frxqwhusduw iru d| edfn lqwr







4.u 3  *j
u  +
$
^4  +4 . +,O`||= +51<4,
Xqghu ?uwkhuh lv djdlq dq h{sorvlyh urrw lq wkh dxwruhjuhvvlyh frpsrqhqw ri f|1Q r w hw k d wl q
dgglwlrq wr wkh +srwhqwldoo|, h{sorvlyh urrw lq wkh dxwruhjuhvvlyh frpsrqhqw ri f|/w k h u hl vq r zd o v r
dq h{sorvlyh urrw lq wkh odj sro|qrpldo lq || zkhqhyhu + A 3/ wkdw lv/ zkhqhyhu wkhuh lv dq xszdug
guliw lq ||1 Iru wkh frqvxpswlrq sdwk wr eh vwdeoh/ xqghu + A 3l wp x v we hw k hf d v hw k d w
4. +@ 3  *j> +51<5,
ru
u   . j+= +51<6,
Jlyhq wkh guliw lq wkh oderu lqfrph surfhvv/ +/ wkh frqvxphu*v udwh ri wlph suhihuhqfh/ / dqg klv
ulvn dyhuvlrq/ / wkh uhdo udwh ri uhwxuq kdv wr dgmxvw/ uhqghulqj wkh frqvxpswlrq sdwk vwdeoh1 Dorqj
wklv sdwk frqvxpswlrq dqg oderu lqfrph duh frlqwhjudwhg1








4.u h d | 3 
> +51<7,
zkhuh h d| @ d|@||n1 Iurp wkh uhsuhvhqwdwlrq +51;;, ri wkh ghflvlrq uxoh/ lpsrvlqj wkh vwdelolw|
uhvwulfwlrq +51<5, lw lv uhdglo| yhulhg wkdw
f|
||
@+ u +,h d | 3 .4 = +51<8,
Xvlqj +51<8, dqg wkh shulrg w exgjhw frqvwudlqw/ lw iroorzv wkdw




















Vxevwlwxwlqj +51<8, lqwr +51<7,/ rqh rewdlqv
vu| @
+h d|3
4.u h d | 3 
= +51<;,
4:Wkh glhuhqfh htxdwlrqv +51<;, dqg +51<9, mrlqwo| ghwhuplqh wkh vdylqj sdwk1 Wkh olplwlqj ehkdylru








4.u h d | 3 
> +51<<,
lv jlyhq lq wkh iroorzlqj sursrvlwlrq1
Sursrvlwlrq 514 Vxssrvh h df A 31 Wkhq wkh vdylqj udwh vu| frqyhujhv lq suredelolw| wr +@u/d q g
wkh dvvhw0glvsrvdeoh lqfrph udwlr h d_




Wkh surri ri wklv dqg doo rwkhu vxevhtxhqw sursrvlwlrqv lv jlyhq lq Dsshqgl{ F1 Zkloh wkh
surshuw| ri wkh olih0f|foh prgho xqghu srzhu xwlolw| dqg jhrphwulf udqgrp zdon oderu lqfrph wkdw
wkh orqj0uxq glvwulexwlrq ri wkh vdylqj udwh lv ghjhqhudwh lv glvfrqfhuwlqj/ wklv lpsolfdwlrq zrxog eh
uhdglo| dyrlghg lq d ulfkhu prgho doorzlqj/ vd|/ iru xwlolw| hhfwv ri jryhuqphqw frqvxpswlrq h{shq0
glwxuh1 Vxfk dgglwlrqdo ihdwxuhv duh/ krzhyhu/ glfxow wr wuhdw dqdo|wlfdoo| lq d prgho zlwk srzhu
xwlolw|/ dqg lw lv iru wklv uhdvrq wkdw lq Vhfwlrq 6 zh uhfrqvlghu wkh txdgudwlf xwlolw| vshflfdwlrqv ri
Vhfwlrq 514 dqg dvn zkhwkhu wkh| dovr uhqghu sodxvleoh orqj0uxq lpsolfdwlrqv iru frqvxpswlrq dqg
vdylqj rqfh wkh fulwlfdo uroh ri wkh vshflfdwlrq ri wkh iruflqj yduldeohv dv jhqhudwhg e| jhrphwulf
udwkhu wkdq dulwkphwlf surfhvvhv vxjjhvwhg e| wkh dqdo|vlv ri wklv vhfwlrq lv uhfrjql}hg1 Ehiruh
grlqj vr/ zh frqvlghu wkh hhfwv ri doorzlqj iru qlwho| olyhg ryhuodsslqj jhqhudwlrqv xqghu wkh
srzhu xwlolw| vshflfdwlrq1
Ilqlwho|0Olyhg Ryhuodsslqj Jhqhudwlrqv
Wr uhod{ wkh dvvxpswlrq ri dq lqqlwho|0olyhg uhsuhvhqwdwlyh frqvxphu/ zh hpehg wkh olih0f|foh
prgho xqghu srzhu xwlolw| zlwklq wkh ryhuodsslqj jhqhudwlrqv hfrqrp| frqvlghuhg deryh1





















vxemhfw wr wkh shulrg0e|0shulrg exgjhw frqvwudlqwv +5193, dqg wkh wudqvyhuvdolw| frqglwlrq +5194,/
dqg jlyhq dq lqlwldo zhdowk ohyho d^c|31 Lw lv djdlq dvvxphg wkdw d^c^3 @3 1
Wkh rswlpdo ghflvlrq uxoh ri hdfk frqvxphu eruq lq shulrg t iru wkh olih0f|foh prgho +51433,/



















4;Dyhudjh shu fdslwd frqvxpswlrq iurp +51434, fdq eh vkrzq wr eh jlyhq e|
f| @ 2d|3 . ||> +51435,
zkhuh
2 @+ 4s ,






4.} 3  *j
4.}+4  ,+4. +,
= +51437,
Wkh frxqwhusduw ri wkh vwdelolw| frqglwlrq +51<5, lv qrz
+4  ,+4. +,@ 3  *j> +51438,
wkh hyroxwlrq ri wkh zhdowk0oderu lqfrph udwlr d| lv jlyhq e|








dqg wkh vdylqj udwh reh|v
vu| @
+4  s,+4,+4. +,4
4.u h d | 3 
h d | 3 = +5143:,
Wkh olplwlqj ehkdylru ri wkh vdylqj udwh dqg wkh dvvhw0glvsrvdeoh lqfrph udwlr lv jlyhq lq wkh
iroorzlqj sursrvlwlrq1










wkhq wkh vdylqj udwh vu| frqyhujhv lq suredelolw| wr ^+4  s,+4,+4. +,4`@u/ dqg wkh dvvhw0
glvsrvdeoh lqfrph udwlr h d_




Qrwh wkdw xqghu +5143;, lw zloo dozd|v eh wkh fdvh wkdw +4 s,+4,+4. +,A4/ dqg vr wkh
orqj0uxq vdylqj udwh lv dvvxuhg wr eh qrqqhjdwlyh1 Hyhq li +5143;, krogv/ wkh lqwhusuhwdwlrq ri wkh
orqj0uxq vdylqj udwh vxhuv iurp dq xqiruwxqdwh lpsolfdwlrq= Dq lqfuhdvh lq  ohdgv wr d ghfuhdvh
lq wkh orqj0uxq vdylqj udwh/ zklfk lv frxqwhulqwxlwlyh +dv dq lqfuhdvh lq  lpsolhv wkdw hyhu| frkruw
qhhgv wr surylgh iru d odujhu dprxqw ri olih0f|foh vdylqjv,1 Li +5143;, lv qrw vdwlvhg/ wkh dvvhw0oderu
lqfrph udwlr dqg wkh vdylqj udwh erwk frqyhujh wr }hur1
4< wL?}+? W4T*U@|L?t Lu @ wui)U*i L_i* `| "@_h@|U
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Lq wklv vhfwlrq/ zh uhwxuq wr d txdgudwlf vshflfdwlrq ri wkh fxuuhqw0shulrg xwlolw| ixqfwlrq/ vkrzlqj
wkdw dv iru wkh fdvh ri srzhu xwlolw|/ sodxvleoh orqj0uxq lpsolfdwlrqv iru frqvxpswlrq dqg vdylqj duh
rewdlqhg li wkh iruflqj yduldeohv +lqfoxglqj wkh h{rjhqrxv frpsrqhqw wr wkh frqvxphu*v dvsludwlrq,
duh prghoohg dv jhqhudwhg e| jhrphwulf udwkhu wkdq dulwkphwlf surfhvvhv1 Lq frqwudvw wr wkh fdvh ri
srzhu xwlolw|/ krzhyhu/ wkh txdgudwlf xwlolw| prgho uhpdlqv dqdo|wlfdoo| wudfwdeoh xqghu dgglwlrqdo
ihdwxuhv vxfk dv kdelw irupdwlrq dqg sulydwh ydoxdwlrq ri jryhuqphqw frqvxpswlrq h{shqglwxuh/
dqg wkxv surylghv dq lghdo wkhruhwlfdo iudphzrun iru wkh furvv0frxqwu| dqdo|vlv ri +sulydwh, vdylqj
ghflvlrqv1
Dv lq Vhfwlrq 5/ zh vxssrvh wkdw wkh uhdo udwh ri uhwxuq rq grphvwlf dvvhwv/ erwk wkrvh lvvxhg
e| wkh sulydwh vhfwru dqg wkrvh lvvxhg e| wkh jryhuqphqw/ u|/l vj l y h qe |
u |@uA3 > +614,
iru doo w1 Zh ixuwkhupruh vxssrvh wkdw oderu lqfrph uhfhlyhg dw wkh ehjlqqlqj ri shulrg w/ ||/l v
jhqhudwhg e| wkh jhrphwulf udqgrp zdon surfhvv.
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@h { s+  ,4 = +616,










2> 5 ^3>4`> +617,
zkhuh
{| @ f| . j| e|> +618,
.At t |i t@4i ThLUitt @t E2HD ? 5iU|L? 22c @*Mi| uLh UL4T@U|?itt i ti t*}|*) _gihi?| ?L|@|L?
HN?_ih Eec |i UL?t4ih _Lit ?L| UL?t_ih |i tLU@* @*i Lu }Lih?4i?| UL?t4T|L? i Ti?_|hic @?_ Lh
ti|T |t 4@!it ?L t|@|i4i?| @ML| |i UL4M?i_ Th@|i @?_ tLU@* @*i Lu }Lih?4i?| UL?t4T|L? i Ti?_
|hi `i _L ?L| ?ii_ |L tTiUu) |i 4@}?|_i Lu |i tLU@* @*i Lu }Lih?4i?| UL?t4T|L? i Ti?_|hi @t Lh
UL?Uih? ihi t | Th@|i UL?t4T|L? @?_ t@?} _iUtL?t L?*) W| tL*_ @*tL Mi ?L|i_ |@| i _L ?L| 4L_i*
}Lih?4i?| ?it|4i?| i Ti?_|hi h 4L_i* ti|T t UL?tt|i?| | |i hi@* h@|i Lu hi|h? Mi?} ?i?Ui_ M)
tU ?it|4i?| i Ti?_|hi
53zlwk f| ghqrwlqj sulydwh frqvxpswlrq h{shqglwxuh dw wkh ehjlqqlqj ri shulrg w/ j| jryhuqphqw
frqvxpswlrq h{shqglwxuh dw wkh ehjlqqlqj ri shulrg w/d q ge |phdvxulqj wkh h{rjhqrxv frpsrqhqw
















dv ehiruh/  @+ 4. ,
3 + u , lv d frqvwdqw glvfrxqw idfwru/ dqg  5 ^3>4, phdvxuhv wkh ghjuhh
ri suhihuhqfh iru kdelw irupdwlrq1 Wkh vshflfdwlrq ri e| uhhfwv dq dvsluhg vwdqgdug ri olylqj wkdw
lv lqfuhdvlqj ryhu wlph1b Xqghu K vxflhqwo| odujh wkh frqvxphu*v dvsluhg vwdqgdug ri olylqj
+zlwk suredelolw| rqh, zloo dozd|v h{fhhg klv oderu lqfrph/ dqg wkh wdvwh vkrfnv i%K|j ohdg wr
whpsrudu| vkliwv lq wkh jds ehwzhhq wkh dvsluhg vwdqgdug ri olylqj dqg oderu lqfrph1 Qrwh wkdw






@h { s+  K,= +61:,
Wkh frqvxphu pd{lpl}hv +617, e| fkrrvlqj if|nj
"
'f vxemhfw wr wkh shulrg0e|0shulrg sulydwh
exgjhw frqvwudlqwv/
d|n @+ 4.u ,d | n  3 .| | n  | n f | n >m @3 >4 >===> +61;,
zkhuh d| ghqrwhv wkh sulydwh zhdowk ohyho dw wkh ehjlqqlqj ri shulrg w/d q g |wkh dprxqw ri oderu
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j | n >m @3 >4 >===> +61<,
zkhuh g| ghqrwhv wkh jryhuqphqw ghew ohyho +erqgv lvvxhg wr wkh frqvxphu, dw wkh ehjlqqlqj ri
shulrg w1 Wkh frqvxphu*v pd{lpl}dwlrq lv dovr vxemhfw wr jlyhq lqlwldo zhdowk2ghew ohyhov/ d|3 dqg
g|3/ lqlwldo ohyhov ri sulydwh dqg jryhuqphqw frqvxpswlrq/ f|3 dqg j|3/ uhvshfwlyho|/ dqg jlyhq
surfhvvhv jhqhudwlqj j| dqg |1






















@h { s+  },= +6144,
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54Vlqfh wkh jryhuqphqw rshudwhv xqghu wkh vroyhqf| frqvwudlqw +61<,/ wkh wd{ udwh |@|| pxvw eh
uhvsrqvlyh wr wkh fxuuhqw +dqg2ru odjjhg, ydoxh+v, ri wkh jryhuqphqw ghew0oderu lqfrph udwlr/
g|3@||1 Zh wkhuhiruh vshfli| wkh iroorzlqj wd{ uxoh=
j|  |
||











Qrwh wkdw xqghu +6145, wkh jryhuqphqw sulpdu| exgjhw ghflw/ j|  |/ lv _huuru fruuhfwlqj% lq wkh
jryhuqphqw ghew0oderu lqfrph udwlr1
Wkh orqj0uxq ehkdylru ri wkh jryhuqphqw ghew0oderu lqfrph udwlr xqghu wkh wd{ uxoh +6145, lv
jlyhq lq wkh iroorzlqj sursrvlwlrq1
Sursrvlwlrq 614 Li







wkhq wkh jryhuqphqw ghew0oderu lqfrph udwlr/ g|@||n/l vd qh u j r g l fs u r f h v vl qw k d wl wj o r e d o o |f r q 0
yhujhv wr d vwhdg|0vwdwh suredelolw| glvwulexwlrq ixqfwlrq wkdw grhv qrw ghshqg rq wkh lqlwldo vwdwh/
gf@|1 Ixuwkhupruh/ li wkh vwurqjhu frqglwlrq







krogv/ wkhq wkh phdq ri wkh vwhdg|0vwdwh glvwulexwlrq ri wkh jryhuqphqw ghew0oderu lqfrph udwlr/




















Ilqdoo|/ li wkh |hw vwurqjhu frqglwlrq







2 ? 4 +6149,
krogv/ wkhq wkh yduldqfh ri wkh vwhdg|0vwdwh glvwulexwlrq ri wkh jryhuqphqw ghew0oderu lqfrph udwlr/






















































Vhh Dsshqgl{ F iru d surri ri Sursrvlwlrq 6141 Fohduo|/ +6149, lpsolhv +6147,/ zklfk lq wxuq
lpsolhv +6146,1 Dv lv glvfxvvhg lq wkh surri jlyhq lq Dsshqgl{ F/ rxu dvvxpswlrq wkdw %+| dqg
55%| duh qrupdoo| glvwulexwhg lv pxfk vwurqjhu wkdq lv qhhghg iru +d txdolwdwlyho| vlplodu uhvxow dv,
Sursrvlwlrq 614 wr eh ydolg1 Hujrglflw| ri wkh jryhuqphqw ghew0oderu lqfrph udwlr frxog eh suryhg
hyhq li wkh prphqwv ri %+| dqg %|glg qrw h{lvw/ dv orqj dv wkh| duh qlwh zlwk suredelolw| rqh12f Wklv
dovr glvwlqjxlvkhv rxu surri ri hujrglflw| iurp surriv dydlodeoh lq wkh vwrfkdvwlf surfhvvhv olwhudwxuh/
iru h{dpsoh/ Udr/ Udr/ dqg Zdonhu +4<;6,/ Skdp +4<;9,/ dqg Ph|q dqg Wzhhglh +4<<6,/ wkdw
hvwdeolvk jhrphwulf hujrglflw| iru udqgrp frhflhqw dxwruhjuhvvlyh prghov +ri zklfk wkh surfhvv
jhqhudwlqj wkh jryhuqphqw ghew0oderu lqfrph udwlr lv d vshfldo fdvh, xqghu h{lvwhqfh ri prphqw
frqglwlrqv1 Wkh h{lvwhqfh ri wkh phdq dqg wkh yduldqfh ri wkh vwhdg|0vwdwh glvwulexwlrq ri wkh
jryhuqphqw ghew0oderu lqfrph udwlr uhtxluhv wkh h{lvwhqfh ri wkh uvw wzr prphqwv ri %| dqg wkh
h{lvwhqfh ri H ^h{s+t% +|,`/ iru t @ 4>5/ exw djdlq qrw wkh qrupdolw| dvvxpswlrq1
Lq Dsshqgl{ D lw lv vkrzq wkdw xsrq uxolqj rxw h{sorvlyh sulydwh frqvxpswlrq ghflvlrqv wkh
rswlpdo ghflvlrq uxoh iru wkh olih0f|foh prgho iru wkh olih0f|foh prgho +617,/ +61;,/ +51:,/ +61<,/ dqg
+614, lv jlyhq e|





























































+4 . u  ,+4.u,
4.u
= +6153,
Xqghu wkh oderu lqfrph vshflfdwlrq +615,/ wkh vshflfdwlrq ri wkh h{rjhqrxv frpsrqhqw ri wkh
frqvxphu*v dvsludwlrq +619,/ dqg wkh jryhuqphqw frqvxpswlrq h{shqglwxuh vshflfdwlrq +6143, wkh
ghflvlrq uxoh +614;, fdq eh uhzulwwhq dv








+4 . ,h{s+ K,
4.u
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D @ > +6157,







. @ = +6159,
Qrwh wkdw xqghu wkh shulrg0e|0shulrg sulydwh exgjhw frqvwudlqw +61;,/ sulydwh vdylqj lq shulrg
w lv ghqhg dv
v| @ ud|3 .|| | f|= +615:,




Ghqlqj wkh vdylqj udwh dv d iudfwlrq uhodwlyh wr oderu lqfrph udwkhu wkdq wr glvsrvdeoh lqfrph
juhdwo| vlpsolhv wkh dojheudlf dqdo|vlv ri wkh orqj0uxq surshuwlhv ri wkh vdylqj udwh1 Wkh orqj0uxq

















dqg +6146, krogv/ wkhq wkh qhw dvvhw0oderu lqfrph udwlr/ +d|  g|,@||n/ wkh sulydwh vdylqj udwh/
v|@||/ dqg wkh frqvxpswlrq0oderu lqfrph udwlr/ f|@||/ duh hujrglf surfhvvhv lq wkdw wkh| joredoo|
frqyhujh wr vwhdg|0vwdwh suredelolw| glvwulexwlrq ixqfwlrqv wkdw gr qrw ghshqg rq wkh lqlwldo vwdwhv/
















dv zhoo dv +6146,/ wkh phdq ri wkh vwhdg|0vwdwh glvwulexwlrq ri wkh qhw dvvhw0oderu lqfrph udwlr/


























































Dovr/ wkh phdq ri wkh vwhdg|0vwdwh glvwulexwlrq ri wkh sulydwh vdylqj udwh/ olp|<" H +v|@||,/ wkhq

































dqg wkh phdq ri wkh vwhdg|0vwdwh glvwulexwlrq ri wkh frqvxpswlrq0oderu lqfrph udwlr/ olp|<" H +f|@||,/



















Vhh Dsshqgl{ F iru d surri ri Sursrvlwlrq 6151 Fohduo|/ +6164, dqg +6165, lpso| +615<, dqg
+6163,1
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58dv zhoo dv +6146,/ wkh yduldqfh ri wkh vwhdg|0vwdwh glvwulexwlrq ri wkh qhw dvvhw0oderu lqfrph udwlr/
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59Vhh Dsshqgl{ F iru d surri ri Uhpdun 6151 Fohduo|/ +6175, dqg +6176, lpso| +6164, dqg +6165,1 Dv
lv glvfxvvhg lq wkh surri jlyhq lq Dsshqgl{ F/ rxu dvvxpswlrq wkdw %+|/ %K|/ %}|/d q g% | duh qrupdoo|
glvwulexwhg lv pxfk vwurqjhu wkdq lv qhhghg iru +txdolwdwlyho| vlplodu uhvxowv dv, Sursrvlwlrq 614 dqg
Uhpdun 615 wr eh ydolg1 Vhh dovr wkh frpphqwv pdgh lq wklv uhvshfw iroorzlqj Sursrvlwlrq 6141
Sursrvlwlrq 615 vkrzv wkdw dq lqqlwho| olyhg uhsuhvhqwdwlyh frqvxphu edvhg olih0f|foh hfrqrp|
fdq uhqghu sodxvleoh orqj0uxq lpsolfdwlrqv iru sulydwh frqvxpswlrq dqg vdylqj ghflvlrqv1 Frqvxps0
wlrq dqg oderu lqfrph dv zhoo dv vdylqj dqg oderu lqfrph duh _frlqwhjudwhg% lq wkh vhqvh wkdw wkhlu
udwlrv whqg wr vwhdg|0vwdwh suredelolw| glvwulexwlrq ixqfwlrqv/ wkh prphqwv ri zklfk ghshqg lq d
suhflvh zd| rq wkh h{rjhqrxv dvsludwlrq udwh/ dqg wkh jryhuqphqw h{shqglwxuh0oderu lqfrph dqg
jryhuqphqw ghew0oderu lqfrph udwlrv1 Wkhvh uhvxowv vwdqg lq frqwudvw wr wkh shufhswlrq lq wkh olwhu0
dwxuh wkdw d vwdqgdug olih0f|foh hfrqrp|/ dw ohdvw lq wkh devhqfh ri +rffdvlrqdoo| elqglqj, oltxlglw|
frqvwudlqwv ru d exhu0vwrfn vdylqj prwlyh/ fdqqrw uhqghu phdqlqjixo orqj0uxq uhodwlrqv ehwzhhq
frqvxpswlrq dqg oderu lqfrph +vhh/ iru h{dpsoh/ Jdol/ 4<<3/ dqg Ghdwrq/ 4<<5/ iru d vxppdu| ri
wklv ylhz,1 Zkdw lv fulwlfdo iru wkh h{lvwhqfh ri phdqlqjixo orqj0uxq uhodwlrqv ehwzhhq frqvxpswlrq
dqg oderu lqfrph dqg vdylqj dqg oderu lqfrph duh erwk d wuhqghg2guliwlqj h{rjhqrxv dvsludwlrq
frpsrqhqw +zklfk vhhpv sodxvleoh/ uhhfwlqj dvsluhg lqfuhdvhv lq wkh vwdqgdug ri olylqj lq olqh zlwk
wkh wuhqg2guliw lq oderu lqfrph,/ dqg d jhrphwulf vshflfdwlrq ri wkh iruflqj yduldeohv/ lq sduwlfxodu
oderu lqfrph dqg wkh h{rjhqrxv frpsrqhqw wr dvsludwlrq1 Zkloh d jhrphwulf vshflfdwlrq lq dq|
fdvh zrxog vhhp d ehwwhu uhsuhvhqwdwlrq ri wkh revhuyhg gdwd rq dyhudjh shu fdslwd oderu lqfrph +lq
wkh RHFG hfrqrplhv dqg eh|rqg,/ lw dsshduv wkdw wkh fulwlfdo uroh ri d jhrphwulf vshflfdwlrq ri
wkh iruflqj yduldeohv iru wkh orqj0uxq surshuwlhv lq olih0f|foh hfrqrplhv kdv qrw |hw ehhq uhfrjql}hg
lq wkh olwhudwxuh122
Zh kdg douhdg| vhhq lq Vhfwlrq 5 wkdw lqwurgxflqj d wuhqghg2guliwlqj h{rjhqrxv dvsludwlrq
frpsrqhqw lqwr wkh Kdoo prgho e| lwvhoi grhv qrw |lhog sodxvleoh lpsolfdwlrqv iru wkh orqj0uxq
sulydwh vdylqj ghflvlrqv1 Ohw xv frqfoxgh rxu glvfxvvlrq ri Sursrvlwlrq 615 e| frqvlghulqj wkh
uroh ri wkh vshflfdwlrq +619, ri wkh h{rjhqrxv frpsrqhqw ri wkh frqvxphu*v dvsludwlrq1 Li lw zdv
dvvxphg wkdw e| @ e/w k h qH+ e@|, @ 3/ dqg lw lv uhdglo| vhhq iurp Sursrvlwlrq 615 wkdw wkh phdq














zlwk  vwloo ghqhg e| +6167,1 Ixuwkhupruh/ wkh phdq ri wkh vwhdg|0vwdwh glvwulexwlrq ri wkh sulydwh
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Fohduo|/ wkhq/ xqghu H +j@|,@H+ g@|, @ 3/ wkh phdq ri wkh vwhdg|0vwdwh glvwulexwlrq ri wkh +qhw,
dvvhw0oderu lqfrph udwlr dqg wkh phdq ri wkh vwhdg|0vwdwh glvwulexwlrq ri wkh sulydwh vdylqj udwh duh
erwk qhjdwlyh1 Wkh frqvxphu frqwlqxrxvo| eruurzv dqg dffxpxodwhv ghew +zlwkrxw ylrodwlqj wkh
wudqvyhuvdolw| frqglwlrq,1 Lq wkh suhvhqfh ri jryhuqphqw frqvxpswlrq h{shqglwxuh dqg jryhuqphqw
ghew/ wkh phdqv ri wkh vwhdg|0vwdwh glvwulexwlrqv ri wkh qhw dvvhw0oderu lqfrph udwlr dqg wkh sulydwh
vdylqj udwh pd| eh srvlwlyh1 Krzhyhu/ hyhq lq wkh odwwhu fdvh/ xqghu sodxvleoh sdudphwhul}dwlrqv lw
lv yhu| olnho| wkdw wkh phdq ri wkh vwhdg|0vwdwh glvwulexwlrq ri wkh frqvxpswlrq0oderu lqfrph udwlr
lv qhjdwlyh1 Zh wkhuhiruh prgho e| dv xszdug wuhqglqj> djdlq/ grlqj vr dq|zd| vhhpv uhdolvwlf lq dq
hfrqrp| zkhuh wkhuh lv +uhdo, oderu lqfrph jurzwk1 Wkh vshflfdwlrq +619, hqvxuhv wkdw wkh jurzwk
udwh ri oderu lqfrph sod|v dq lpphgldwh uroh lq ghwhuplqlqj wkh jurzwk udwh ri frqvxpswlrq1
Ilqlwho|0Olyhg Ryhuodsslqj Jhqhudwlrqv
Qh{w/ zh uhfrqvlghu wkh \ddul +4<98,/ Eodqfkdug +4<;8,/ dqg Jdol +4<<3, hfrqrp| ri qlwho|0
olyhg ryhuodsslqj jhqhudwlrqv1 Lq grlqj vr/ rxu sduwlfxodu lqwhuhvw lv rq wkh urexvwqhvv ri wkh
Ulfdugldq htxlydohqfh ihdwxuh ri +6154, wr doorzlqj iru qlwho|0olyhg ryhuodsslqj jhqhudwlrqv1 Wkh
vhw0xs ri wkh ryhuodsslqj jhqhudwlrqv hfrqrp| lv vlplodu wr wkh ryhuodsslqj jhqhudwlrqv vhwwlqjv zh
kdg glvfxvvhg lq Vhfwlrq 5/ zlwk dyhudjh shu fdslwd oderu lqfrph ||/ jhqhudwhg e| wkh jhrphwulf












+ { ^c|n {^c|n3,
2> +6187,
zkhuh
{^| @ f^| .j^| e^|> +6188,
zlwk j^| jryhuqphqw frqvxpswlrq h{shqglwxuh dw wkh ehjlqqlqj ri shulrg w dffuxlqj wr d frqvxphu
ehorqjlqj wr frkruw t/d q ge ^| phdvxulqj wkh h{rjhqrxv frpsrqhqw ri wklv frqvxphu*v dvsludwlrq






















5;Wkh vshflfdwlrq ri e^| djdlq uhhfwv dq dvsluhg vwdqgdug ri olylqj wkdw lv lqfuhdvlqj ryhu wlph12
Hdfk frqvxphu ehorqjlqj wr frkruw t lq shulrg w pd{lpl}hv +6187, e| fkrrvlqj if^c|nj
"
'f
vxemhfw wr wkh shulrg0e|0shulrg sulydwh exgjhw frqvwudlqwv
d^c|n @+ 4.} ,d ^c|n3 .|^c|n ^c|n f^c|n>m @3 >4 >===> +618:,
zkhuh d^| ghqrwhv wkh sulydwh zhdowk ohyho dw wkh ehjlqqlqj ri shulrg w ri d frqvxphu ehorqjlqj wr
frkruw t/d q g ^| wkh dprxqw ri oderu lqfrph wd{hv ohylhg xsrq wklv frqvxphu dw wkh ehjlqqlqj ri




3 H +d^c|nm^|,@3 = +618;,
Lw lv djdlq dvvxphg wkdw d^c^3 @ 3/ wkdw lv/ frqvxphuv lq hdfk frkruw duh eruq kroglqj qr dvvhwv1














j | n >m @3 >4 >===>
zkhuh g| ghqrwhv wkh dyhudjh shu fdslwd jryhuqphqw ghew ohyho +erqgv lvvxhg wr wkh frqvxphuv, dw










Wkh frqvxphuv* pd{lpl}dwlrq lv dovr vxemhfw wr d jlyhq lqlwldo sulydwh zhdowk ohyho/ d^c|3 dqg d
jlyhq lqlwldo jryhuqphqw ghew ohyho/ g|3/ lqlwldo ohyhov ri sulydwh dqg jryhuqphqw frqvxpswlrq/
f^c|3 dqg j^c|3/ uhvshfwlyho|/ dqg jlyhq surfhvvhv jhqhudwlqj j^| dqg ^|1
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5<Wr frpsohwh wkh prgho/ zh dovr qhhg wr vshfli| uhodwlrqv ehwzhhq wkh dyhudjh shu fdslwd jryhuqphqw
frqvxpswlrq h{shqglwxuh +lwv dyhudjh shu fdslwd wd{dwlrq, dqg jryhuqphqw frqvxpswlrq h{shqgl0
wxuh dffuxlqj wr +wd{hv ohylhg xsrq, d frqvxphu ehorqjlqj wr frkruw t/ t @ 4>===>w4>w1Z h
dgrsw wkh iroorzlqj vshflfdwlrq=
j^| @ j|>t  w> +6196,
vr wkdw jryhuqphqw frqvxpswlrq h{shqglwxuh lq dq| jlyhq shulrg lq shu fdslwd whupv dffuxhv htxdoo|
wr doo frkruwv/ dqg
^| @ o^||>t  w> +6197,
vr wkdw wkh frqvxphuv* wd{ gxhv ydu| sursruwlrqdwho| zlwk wkhlu oderu lqfrph ohyhov1 +Qrwh wkdw
xqghu +6196, dqg +6197, jryhuqphqw vfdo srolf| lq dq| jlyhq shulrg jhqhudoo| kdv uhglvwulexwlyh
hhfwv dfurvv frkruwv1,
Dv lv vkrzq lq Dsshqgl{ D/ wkh rswlpdo shulrg w ghflvlrq uxoh ri hdfk frqvxphu ehorqjlqj wr
frkruw t iru wklv olih0f|foh prgho lv jlyhq e|




















e^| e^c|3 3e^c|n> +6199,
 @
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63#D @ > +61:5,
dqg
#S @ #= +61:6,
Dyhudjh shu fdslwd frqvxpswlrq iurp +6198, pd| eh yhulhg wr eh jlyhq e| +xqghu ^| @ |,



























e| e|3 3e|n= +61:8,
Lq frqwudvw wr wkh fdvh ri dq hfrqrp| pdgh xs ri d uhsuhvhqwdwlyh/ lqqlwho|0olyhg frqvxphu/
wkh h{shfwhg suhvhqw glvfrxqwhg ydoxh ri wd{hv fdqqrw eh gluhfwo| holplqdwhg iurp +61:7, xvlqj wkh
jryhuqphqw vroyhqf| frqvwudlqw/ +61<,/ dv wkh jryhuqphqw dqg wkh frqvxphu glvfrxqw ixwxuh wd{hv dw
glhuhqw udwhv/ lpso|lqj wkdw |n lq wkh dyhudjh shu fdslwd ghflvlrq uxoh +61:7, lv glvfrxqwhg dw udwh
+4  ,@+4 . },/ dqg lq wkh jryhuqphqw vroyhqf| frqvwudlqw +61<, lv glvfrxqwhg dw udwh 4@+4 . u,1
Lq Dsshqgl{ D/ lw lv vkrzq krz wkh h{shfwhg suhvhqw glvfrxqwhg ydoxh ri wd{hv +glvfrxqwhg dw udwh
+4  ,@+4 . },, pd| eh holplqdwhg iurp +61:7, dv d ixqfwlrq ri iruflqj dqg suhghwhuplqhg yduldeohv
rqo|/ xvlqj wkh jryhuqphqw shulrg0e|0shulrg exgjhw frqvwudlqw xqghuo|lqj +61<, dqg wkh jryhuqphqw
wd{ uxoh +6145,1 Xqghu wkh dyhudjh shu fdslwd oderu lqfrph vshflfdwlrq +615,/ wkh vshflfdwlrq ri wkh
h{rjhqrxv frpsrqhqw ri wkh dyhudjh shu fdslwd dvsludwlrq +619,/ dqg wkh jryhuqphqw frqvxpswlrq
h{shqglwxuh vshflfdwlrq +6143,/ wkh dyhudjh shu fdslwd ghflvlrq uxoh +61:7, fdq wkhq eh uhzulwwhq
dv
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b @ = +61;8,
Qrwh wkdw xqghu s @ 3 +lqqlwh olihwlph, dqg  @ 3 +qr olih0f|foh vdylqjv,/ wkh ghflvlrq uxoh uhgxfhv
wr wkh rqh iru wkh uhsuhvhqwdwlyh/ lqqlwho|0olyhg frqvxphu hfrqrp|/ +6154,12e Hujrglflw| ri wkh
dyhudjh shu fdslwd qhw dvvhw0oderu lqfrph udwlr/ +d|  g|,@||n/ wkh dyhudjh shu fdslwd sulydwh vdylqj
udwh/ v|@||/ dqg wkh dyhudjh shu fdslwd frqvxpswlrq0oderu lqfrph udwlr/ f|@||/ fdq eh hvwdeolvkhg lq
frqfhswxdoo| wkh vdph zd| dv iru wkh uhsuhvhqwdwlyh/ lqqlwho|0olyhg frqvxphu hfrqrp|1 Lq frqwudvw
wr +6154,/ Ulfdugldq htxlydohqfh lq jhqhudo grhv qrw krog/ krzhyhu1 Wklv lv hdvlo| vhhq iurp wkh
frhflhqwv rq d|3 dqg g|3/ zklfk lq jhqhudo gr qrw vxp wr }hur1 Dv 2 A  / d iudfwlrq ri
jryhuqphqw erqgv lv qhw zhdowk wr wkh frqvxphuv1 Wkh vl}h ri wklv iudfwlrq lv lqyhuvho| uhodwhg
wr 2/ zklfk lv sodxvleoh/ vlqfh d orzhu ydoxh ri 2 fhwhulv sdulexv fruuhvsrqgv wr d kljkhu phdq
jryhuqphqw ghew0oderu lqfrph udwlr1
Suxghqfh
Ilqdoo| lq wklv vhfwlrq/ zh frqvlghu krz frqvxphuv* suxghqfh pljkw eh lqfrusrudwhg lqwr d
olih0f|foh prgho zlwk kdelw irupdwlrq dqg jryhuqphqw frqvxpswlrq xqghu jhrphwulf surfhvvhv iru
wkh iruflqj yduldeohv1 Zh zloo qrz dovr uhod{ wkh dvvxpswlrq ri d frqvwdqw uhdo udwh ri uhwxuq rq
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65grphvwlf dvvhwv/ dqg lqvwhdg vxssrvh wkdw wkh uhdo uhwxuq iroorzv d vwrfkdvwlf surfhvv1 Wkh Hxohu
htxdwlrq ri d olih0f|foh prgho zlwk kdelw irupdwlrq dqg jryhuqphqw frqvxpswlrq dv vshflhg deryh/
exw d jhqhudo xwlolw| ixqfwlrq x+, doorzlqj iru suxghqfh +h{klelwlqj vwulfwo| frqyh{ pdujlqdo xwlolw|,
d q gdv w r f k d v w l fs u r f h v vi r uw k hu h d ou h w x u ql vj l y h qe |
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zklfk pd| eh uhzulwwhq dv
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Xvlqj Mhqvhq*v lqhtxdolw|/ xqghu vwulfwo| frqyh{ pdujlqdo xwlolw| lw fdq eh vkrzq wkdw sv| A 31
Li u| dqg || duh lqghshqghqw ru srvlwlyho| fruuhodwhg/ fry| xqghu vrph dgglwlrqdo frqglwlrqv fdq
eh vkrzq wr eh vwulfwo| qhjdwlyh/ zkhuhdv fry| pd| eh vwulfwo| srvlwlyh li u| dqg || duh srvlwlyho|
fruuhodwhg1 Dv lv glvfxvvhg/ iru h{dpsoh/ lq Elqghu/ Shvdudq/ dqg Vdplhl +5333,/ olih0f|foh prghov
zlwk Hxohu htxdwlrq jlyhq e| +61;9, dqg vwulfwo| frqyh{ pdujlqdo xwlolw| fdq lq jhqhudo qrw eh
vroyhg dqdo|wlfdoo|1 Dq dqdo|wlfdoo| wudfwdeoh dqg hpslulfdoo| srzhuixo dssurdfk wr wkh dqdo|vlv ri
vxfk olih0f|foh prghov lv wr dssur{lpdwh sv| dqg fry| dv vprrwk ixqfwlrqv ri srwhqwldoo| uhohydqw
ghwhuplqdqwv= sv| uhhfwv wkh frqvxphuv* ghvluh wr surylgh iru ixwxuh frqwlqjhqflhv vxfk dv fxwv lq
oderu lqfrph/ uhgxfwlrqv lq jryhuqphqw frqvxpswlrq h{shqglwxuh/ ru xqxvxdoo| orz dvvhw uhwxuqv
wkurxjk suhfdxwlrqdu| vdylqj1 Ghwhuplqdqwv ri wkh olnholkrrg ri vxfk frqwlqjhqflhv dulvlqj lq wlph
vhulhv frxog lqfoxgh wkh suredelolw| ri d uhfhvvlrq rffxuulqj ru wkh suredelolw| ri d fkdqjh lq jryhuq0
phqw rffxuulqj/ dqg lq d furvv vhfwlrq frxog lqfoxgh wkh yrodwlolw| ri wudqvlwru| rxwsxw xfwxdwlrqv
ru wkh dprxqw ri xqhpsor|phqw lqvxudqfh ehqhwv judqwhg1 fry|/ li vwulfwo| qhjdwlyh/ uhhfwv wkh
frqvxphuv* ghvluh wr olplw wkh h{srvxuh wr orvvhv ri ixqgv vdyhg iru frqvxpswlrq vprrwklqj dqg
suhfdxwlrqdu| sxusrvhv gxh wr xqxvxdoo| orz dvvhw uhwxuqv +dqg wkxv dfwv frxqwhu wkh suhfdxwlrqdu|
vdylqj hhfw,1 D uhohydqw ghwhuplqdqw lq wlph vhulhv zrxog vhhp wkh suredelolw| ri d +vljqlfdqw,
gurs lq dvvhw uhwxuqv dqg lq furvv vhfwlrq zrxog vhhp wkh yrodwlolw| ri +wudqvlwru|, udwh ri uhwxuq
xfwxdwlrqv1 Rqfh ixqfwlrqdo irupv kdyh ehhq vshflhg/ wkh Hxohu htxdwlrq +61;:, fdq eh orj0
olqhdul}hg dqg wkhq dqdo|wlfdoo| dqdo|}hg uhjduglqj lwv orqj0uxq surshuwlhv1 Zkloh vxemhfw wr wkh
Oxfdv fulwltxh/ vxfk ghflvlrq uxohv fdswxulqj wkh hhfwv ri d eurdg udqjh ri xqfhuwdlqwlhv zrxog
vhhp zhoo vxlwhg iru furvv0frxqwu| dqdo|vlv ri sulydwh vdylqj udwhv1




D4Dsshqgl{ D= Ghulydwlrq ri Ghflvlrq Uxohv
Txdgudwlf Xwlolw|/ Kdelw Irupdwlrq/ Ulvn Vhqvlwlylw|/ Dulwkphwlf Surfhvvhv iru wkh H{rjhqrxv
Frpsrqhqw wr wkh Frqvxphu*v Dvsludwlrq dqg iru Oderu Lqfrph/ dqg Lqqlwh Olihwlph
Lw zloo eh xvhixo wr vsolw i|wj dqg iewj lqwr wkhlu ghwhuplqlvwlf dqg vwrfkdvwlf frpsrqhqwv1 Dffruglqjo|/ ohw
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Vxssrvh uvw wkdw  @ 31 Iru wklv fdvh/ lw iroorzv iurp Zklwwoh*v +4<<3, ulvn0vhqvlwlyh fhuwdlqw| htxlydohqfh
sulqflsoh wkdw pd{lpl}dwlrq ri wkh h{srqhqwldo0ri0txdgudwlf remhfwlyh ixqfwlrq +515:, +xqghu  @ 3, vxemhfw
wr wkh olqhdu shulrg0e|0shulrg exgjhw frqvwudlqwv +519, dqg vxemhfw wr wkh olqhdu dxwruhjuhvvlyh surfhvvhv
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h ew.k !eh ew.k4
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+D19,
zlwk uhvshfw wr doo ghflvlrqv qrw |hw pdgh dw wkh ehjlqqlqj ri shulrg w +wkdw lv/ fw/ fw.4/ ===>d w/d w.4/ ===,
dqg doo yduldeohv qrw revhuyhg dw wkh ehjlqqlqj ri shulrg w +wkdw lv/ w/ w.4/ ===>h | w.4/ h |w.5/ ===>h e w.4/ h ew.5/
===,158 Ohw tw.kmw ghqrwh wkh sodqqhg ydoxh dw wkh ehjlqqlqj ri shulrg w ri wkh yduldeoh t iru shulrg w . k +li
t lv dq hqgrjhqrxv yduldeoh,/ ru/ li t lv dq h{rjhqrxv yduldeoh/ wkh +ulvn0dgmxvwhg, dqwlflsdwhg ydoxh dw wkh
ehjlqqlqj ri shulrg w iru shulrg w . k1 Wkhq wkh rswlpdolw| frqglwlrqv duh jlyhq e|
fw.kmw  }e>w.k h ew.kmw @ w.kmw>k @3 >4 >===>Ww> +D1:,
2D5ii `||*i Ebbf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D5w.kmw @  +4 . u,w.k.4mw>k @3 >4 >===>Ww4> +D1;,















h |w.k.4mw  !|h |w.kmw

@3 > +D143,
























h ew.k.4mw  !eh ew.kmw

@3 > +D145,







h eWmw !eh eW4mw

@3 > +D146,
zkhuh zh duh lqwhuhvwhg lq wkh fdvh zkhuh W $4 1 Qrwh wkdw wkh rswlpdolw| frqglwlrq +D1:, htxdwhv wkh
vkdgrz sulfh w.kmw wr wkh pdujlqdo xwlolw| rewdlqhg iurp wkh shulrg w.k frqvxpswlrq ri wkh dgglwlrqdo ixqgv
rewdlqhg fhwhulv sdulexv wkurxjk dq lqqlwhvlpdo uhod{dwlrq ri wkh shulrg w.k exgjhw frqvwudlqw +frqglwlrqdo
rq lqirupdwlrq dydlodeoh dw wkh ehjlqqlqj ri shulrg w,1 Wkh rswlpdolw| frqglwlrq +D1;, htxdwhv wkh pdujlqdo
xwlolw| ri shulrg w . k frqvxpswlrq wr wkh pdujlqdo xwlolw| ri shulrg w . k . 4 frqvxpswlrq glvfrxqwhg edfn
wr shulrg w . k +djdlq frqglwlrqdo rq lqirupdwlrq dydlodeoh dw wkh ehjlqqlqj ri shulrg w,1 Lw pd| eh yhulhg
wkdw wkhvh wzr rswlpdolw| frqglwlrqv lq wkh fdvh zkhuh  @ 3 exw   3 fdq eh uhgxfhg wr
fw.kmw  fw.k4mw }e>w.k h ew.kmw . }e>w.k4 . h ew.k4mw @ w.kmw>k @3 >4 >===>Ww>
+D147,
dqg +D1;,/ uhvshfwlyho|159 Revhuylqj wkh ulvn0vhqvlwlyh fhuwdlqw| htxlydohqfh sulqflsoh/ wkh rswlpdolw| frqgl0
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+D148,
zlwk uhvshfw wr fw/ fw.4/ ===>d w/d w.4/ ===> w/ w.4/ ===> h | w.4/ h |w.5/ ===/ dqg h ew.4/ h ew.5/ ===/ duh wkhq jlyhq
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D6dqg +D146,1 Frqmhfwxuh wkdw
w.kmw @ w.knw>k @3 >4 >===>Ww> +D14:,
zlwk nw xqghwhuplqhg1 Wr ghwhuplqh nw/ zh vkdoo vroyh wkh glhuhqfh htxdwlrqv +D143, vxemhfw wr wkh erxqgdu|
frqglwlrqv h |wmw @ h |w dqg +D144,/ dqg +D149, vxemhfw wr wkh erxqgdu| frqglwlrqv h ewmw @ h ew dqg +D146,/ dqg
wkhq frpelqh wkh vroxwlrqv ri wkhvh glhuhqfh htxdwlrq zlwk +D147,/ +D1;,/ dqg +D1<,1 Qrwh iurp +D147, wkdw
rqfh nw lv ghwhuplqhg/ wkh rswlpdo ghflvlrq uxoh lv jlyhq e|=5:
fw @ fw4 .ew ew4 .wnw= +D14;,
Lw pd| eh yhulhg wkdw wkh vroxwlrq ri wkh glhuhqfh htxdwlrq +D143, vxemhfw wr wkh erxqgdu| frqglwlrqv
h |wmw @ h |w dqg +D144, lv jlyhq e|=
































Qrwh wkdw dv W $4 / +D153, ehfrphv















Vlploduo|/ dv W $4 / wkh vroxwlrq ri wkh glhuhqfh htxdwlrq +D149, vxemhfw wr wkh erxqgdu| frqglwlrqv
h ewmw @ h ew dqg +D146, lv jlyhq e|




e +4 . u  ,









Lw lv zruwk qrwlqj wkdw wkh dqwlflsdwhg ixwxuh ydoxhv ri | dqg e duh ulvn dgmxvwhg/ dqg wkdw wkh dqwlflsdwhg
ydoxhv dw w rqo| htxdo wkh frqglwlrqdo h{shfwdwlrqv dw w li  @ 31 Wkhvh ulvn dgmxvwphqwv gulyh wkh glhuhqfh
ehwzhhq wkh ghflvlrq uxoh xqghu +515:, dqg wkh ghflvlrq uxoh lq wkh fdvh zkhuh wkh remhfwlyh ixqfwlrq lv
dgglwlyho| vhsdudeoh zlwk txdgudwlf iholflw| ixqfwlrqv1 Uhwxuqlqj wr wkh vroxwlrq xqghu A3/ ghqh h fw.kmw @















Vxevwlwxwlqj +D155, lqwr wkh olihwlph exgjhw frqvwudlqw
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D7Vxevwlwxwlqj +D153, +wr holplqdwh h |w.kmw,/ +D147, +wr holplqdwh h fw.kmw,/ +D154, +wr holplqdwhh ew.kmw,/ dqg +D14:,
+wr holplqdwh w.kmw, lqwr +D157,/ dqg qrwlqj wkdw }|>w.k .!k
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dqg wkdw }e>w.k . !k
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rqh rewdlqv diwhu vrph dojheud wkdw
nw @
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D8Vxevwlwxwlqj +D166, dqg +D167, edfn lqwr +D14;,/ dqg froohfwlqj wkh whupv lq fw4 dqg ew/ rqh rewdlqv +5175,1
Qrwh wkdw +51;, lv d vshfldo fdvh ri +5175, zlwk  @3 /@3 /! e@4 / e@ 5
e @ 3/ dqg e3 @ e/ wkdw +5154, lv d
vshfldo fdvh ri +5175, zlwk  @3 /! e@4 / e@ 5
e @3 /d q ge 3@e / dqg wkdw +515;, lv d vshfldo fdvh ri +5175,
zlwk !e @4 / e@ 5
e @ 3/ dqg e3 @ e1 
Txdgudwlf Xwlolw|/ Kdelw Irupdwlrq/ Jryhuqphqw Frqvxpswlrq/ Jhrphwulf Surfhvvhv iru wkh
H{rjhqrxv Frpsrqhqw wr wkh Frqvxphu*v Dvsludwlrq dqg iru Oderu Lqfrph/ dqg Ilqlwh Olih0
wlph
Wkh shulrg w Hxohu htxdwlrq iru hdfk frqvxphu ehorqjlqj wr frkruw t fdq eh zulwwhq dv
}tw ^4 . u . +4  s,`H +}t>w.4mtw,. 5+4  s,+4.u,H+} t>w.5mtw,@3 > +D168,
zkhuh
}tw @ h ftw h ft>w4 h etw> +D169,
h ftw @ ftw .jtw> +D16:,
dqg
h etw @ etw et>w4= +D16;,
Qrwh wkdw +D168, lv d irxuwk0rughu glhuhqfh htxdwlrq xqghu udwlrqdo h{shfwdwlrqv lq ftw1 Uxolqj rxw h{sorvlyh
vroxwlrqv/ +D168, fdq eh uhgxfhg wr d vhfrqg0rughu udwlrqdo h{shfwdwlrqv htxdwlrq lq ftw15; Wr vhh wklv/ ghqh
wkh h{shfwdwlrqv uhylvlrq surfhvv
%
m
tw @ H+}t>w.kmtw,H+}t>w.kmt>w4,> +D16<,
dqg xvh lw lq +D168, wr rewdlq
5+4  s,+4.u,} t>w.5   ^4 . u . +4  s,`}t>w.4 . }tw @ tw> +D173,
zkhuh tw lv d pduwlqjdoh glhuhqfh surfhvv ghqhg e|
tw @ 5+4  s,+4.u,% 3
t>w.5 . 5 +4  s,+4.u,% 4
t>w.4   ^4 . u . +4  s,`%3
t>w.4=
+D174,
Wkh urrwv ri wkh fkdudfwhulvwlf htxdwlrq dvvrfldwhg zlwk +D173, duh jlyhq e| 4@^+4  s,`/ dqg 4@^ +4 . u,`1
E| dvvxpswlrq wkh iruphu urrw idoov rxwvlgh wkh xqlw flufoh/ dqg fdq eh uhdglo| vkrzq wr uhvxow lq h{sorvlyh
lqglylgxdo0vshflf frqvxpswlrq ghflvlrqv1 Zulwlqj wkh ohiw0kdqg vlgh ri +D173, dv

5+4  s,+4.u,I^4 . u .  +4  s,` . I4
}t>w.4> +D175,
2H5ii @*tL ?_ih @?_ it@h@? E2fff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D9zkhuh I ghqrwhv wkh iruzdug rshudwru/ dqg idfwrul}lqj wkh uhvxowdqw rshudwru vr wkdw5<

 +4 . u,  I 4
^4   +4  s,I`}t>w.4 @3 > +D176,
lw iroorzv wkdw iru wkh lqglylgxdo0vshflf rswlpdo frqvxpswlrq ghflvlrqv wr eh qrq0h{sorvlyh/ zh pxvw kdyh=

4
4   +4  s,I

tw @ +4 . u,%3
t>w.4= +D177,
Xqghu +D177,/ zh wkhuhiruh qhhg wr vroyh
}tw @ +4 . u,H +}t>w.4mtw,> +D178,
vxemhfw wr wkh sulydwh exgjhw frqvwudlqw +618:, dqg wkh jryhuqphqw vroyhqf| frqvwudlqw +61<,1 Xvlqj +D169,
wr vxevwlwxwh iru }tw lq whupv ri h ftw dqg h etw/z hk d y h















{tw @h etw +4 . u,h et>w.4= +D17:,
Frqvlghu qrz wkh txdvl0glhuhqfh wudqvirupdwlrq63
ptw @ h ftw x4h ft>w4> +D17;,
zkhuh x4 lv dq| urrw ri wkh txdgudwlf htxdwlrq +dvvrfldwhg zlwk +D179,,
















4.+4 . u,+x 4,

> +D183,
zlwk x5 ghqhg dv
x5 @
4.+4 . u,+x 4,
+4 . u,
= +D184,
Ohdglqj +D183, m shulrgv iruzdug/ m @4 >5 >===/ wdnlqj frqglwlrqdo h{shfwdwlrqv zlwk uhvshfw wr tw/ dqg vxe0












5 H +{t>w.nmtw,= +D185,
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H+ h f t>w.mmtw,@H+ outwmtw,> +D186,
zkhuh




















H+ outwmtw,x4h ft>w4= +D188,






h f t>w4 .















H+ { t>w.mmtw,= +D189,
Lw lv qrz hdvlo| hvwdeolvkhg wkdw +D189, lv lqyduldqw wr wkh fkrlfh ri x4 lq +D17<,> qdpho|/ wkh vdph h{suhvvlrq
uhvxowv rq wkh uljkw0kdqg vlgh ri +D189, luuhvshfwlyh ri zkhwkhu x4 @  +lpso|lqj x5 @ ,r ux 4@+lpso|lqj






h f t>w4 .
















zklfk pd| eh ixuwkhu uhzulwwhq dv +6198,1 Djjuhjdwlqj +6198, dfurvv doo frkruwv/ rqh rewdlqv +61:7,1 Wkh







H+  w . mm  tw,>
pd| eh holplqdwhg iurp +61:7, dv d ixqfwlrq ri iruflqj dqg suhghwhuplqhg yduldeohv rqo| xvlqj wkh jryhuqphqw
shulrg0e|0shulrg exgjhw frqvwudlqw/
gw @+ 4.u ,g w  4.j w w> +D18;,
dqg wkh jryhuqphqw wd{ uxoh +6145,1 Vroylqj +D18;, iruzdug iru gw.m dqg wkhq vxevwlwxwlqj lqwr +6145,
hydoxdwhg dw w . m/ diwhu vrph dojheud rqh rewdlqv wkh iroorzlqj uhfxuvlyh uhodwlrq iru w.m=




n4 +w.mn  jw.mn,. 5+4 . u,
m gw4  %>w.m|w.m>
+D18<,














H+ j w . mm  tw,.

+4 . },5













H^+4 . %>w.m,|w.mmtw`= +D193,
Vxevwlwxwlqj +D193, edfn lqwr +61:7,/ dqg xvlqj wkh dyhudjh shu fdslwd oderu lqfrph vshflfdwlrq +615,/ wkh
vshflfdwlrq ri wkh h{rjhqrxv frpsrqhqw ri wkh dyhudjh shu fdslwd dvsludwlrq +619,/ dqg wkh jryhuqphqw
frqvxpswlrq h{shqglwxuh vshflfdwlrq +6143,/ wkh ghflvlrq uxoh +61:9, iru dyhudjh shu fdslwd frqvxpswlrq lv
qrz uhdglo| rewdlqhg1 Wkh ghflvlrq uxoh +6154, iru wkh lqqlwho| olyhg uhsuhvhqwdwlyh frqvxphu hfrqrp| lv d
vshfldo fdvh ri +61:9, iru s @ 3 dqg  @3 1
D<Dsshqgl{ E= YDU Uhsuhvhqwdwlrqv ri Ghflvlrq Uxohv dqg Wkhlu Orqj0Uxq Surshuwlhv
Txdgudwlf Xwlolw|/ Kdelw Irupdwlrq/ Ulvn Vhqvlwlylw|/ Frqvwdqw H{rjhqrxv Frpsrqhqw wr wkh
Frqvxphu*v Dvsludwlrq/ Dulwkphwlf Surfhvv iru Oderu Lqfrph/ dqg Lqqlwho| Olyhg Uhsuhvhq0
wdwlyh Frqvxphu
Dv lq Vhfwlrq 5/ zh ehjlq e| frqvlghulqj wkh vfhqdulr zkhuh ew @ e/ wkdw lv/ d frqvwdqw h{rjhqrxv frpsrqhqw
wr wkh dvsludwlrq surfhvv1 Ohw {w @

fw>d w  4 >| w
 3
/ dqg zulwh +515;,/ +519, +iru m @ 4,/ dqg +516, dv d
YDU+4, lq {w=


















































Wkh YDU +D194, fdq eh uhzulwwhq dv
+G3  G4O,+{ ww,@y w> +D198,
ru
+L6  O,+{ ww,@x w> +D199,















dqg  dqg  duh ghqhg wkurxjk +G3  G4, @ d4 dqg +G3  G4, @ d3  G4164
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i ThittL?t ? @ti  @?_ ? @ti 2 *tLc i? 4	o c ?L?i Lu |i *L?}h? ThLTih|it Lu ?|ihit| _iTi?_ L? i|ih
w:fL hw' fc @?_ |i U@ti ihi w ' f U@? @*@)t Mi LM|@?i_ t4T*) M) 4TLt?} w ' f L? @** i ThittL?t ? @ti
 @?_ ? @ti 2 6?@**)c ?L?i Lu |i *L?}h? ThLTih|it Lu ?|ihit| _iTi?_ L? i|ih #:fL h#' fc @?_ |i U@ti
ihi # ' f U@? @*@)t Mi LM|@?i_ t4T*) M) 4TLt?} # ' f L? @** i ThittL?t ? @tit  |L e
D43Fdvh 4= A3/ ?u /m ! |m?4








/ dqg !|1 Wklv hvwdeolvkhv wkdw wkh wudqvyhu0
vdolw| frqglwlrq +51:, lv vdwlvhg iru wkh ghflvlrq uxoh +515;,165 Wkh lqqlwh prylqj dyhudjh uhsuhvhqwdwlrq ri
+D199, lv jlyhq e|


























3 @ L6/d q gF 
k@ kiru k  41 Wkxv fw lv fryduldqfh vwdwlrqdu|/
wkh qhjdwlyh ghwhuplqlvwlf wuhqg lq udw4 rvhwwlqj wkh srvlwlyh ghwhuplqlvwlf wuhqg lq |w +dw4 dqg |w duh











qrwh wkdw vdylqj lv jlyhq e|
Vw @ 
3
{w @ |@u . 
3
F +O,xw= +D1:5,
Fdvh 5= A3/ ?u /! |@4








/ dqg 41 Wklv djdlq hvwdeolvkhv wkdw wkh
wudqvyhuvdolw| frqglwlrq +51:, lv vdwlvhg iru wkh ghflvlrq uxoh +515;,1 Wkh lqqlwh prylqj dyhudjh uhsuhvhq0
wdwlrq ri +D199, lv jlyhq e|
{w @  . w . F
w [
k@4













































3 @ L6  F/d q gF 
k@ kFiru k  41 Wkxv fw lv djdlq fryduldqfh





glvsrvdeoh lqfrph fryduldqfh vwdwlrqdu|1
Wr irupdoo| ghulyh wkh frlqwhjudwlqj yhfwru dqg fruuhvsrqglqj dgmxvwphqw pdwul{/ frqvlghu wkh elyduldwh





























Wkh pdwul{ +L5P4  P5, lv ri udqn rqh/ dqg fdq eh ghfrpsrvhg dv L5P4 P5 @ 
3
/ zlwk +lpsrvlqj























Dv iru vdylqj/ qrwh wkdw

3
{w @ Vw @ |@u . 
3
F +O,xw= +D1;6,
D45Fdvh 6=  @3 /@u /m ! |m?4
Wkh hljhqydoxhv ri  duh jlyhq e| /4 /d q g! |1 Wklv hvwdeolvkhv wkdw wkh wudqvyhuvdolw| frqglwlrq +51:, lv
vdwlvhg iru wkh ghflvlrq uxoh +515;,1 Wkh lqqlwh prylqj dyhudjh uhsuhvhqwdwlrq ri +D199, lv jlyhq e|
{w @  . w . F
w [
k@4


























u@+4  , u . u5@+4  , u+4 . u  ,@^+4  ,+4.u! |,`









3 @ L6 F/ dqg F
k @ kFiru k  41 Wkxv fw dqg dw4 duh erwk L +4,/
fw kdv qr guliw/ dw4 kdv d qhjdwlyh guliw/ dqg fw dqg dw4 duh frlqwhjudwhg/ wkrxjk qrw frwuhqghg1
Wr irupdoo| ghulyh wkh frlqwhjudwlqj yhfwru dqg fruuhvsrqglqj dgmxvwphqw pdwul{/ frqvlghu wkh elyduldwh
YDU lq }w @

fw>d w  4
 3






























Wkh pdwul{ +P3  P4, lv ri udqn rqh/ dqg fdq eh ghfrpsrvhg dv P3  P4 @ 
3
/ zlwk +lpsrvlqj wkh














Dv iru vdylqj/ qrwh wkdw

3
{w @ Vw @ |@u . 
3
F +O,xw= +D1<7,
Fdvh 7=  @3 /@u /! |@4
Wkh hljhqydoxhv ri  duh jlyhq e| / 4/ dqg 41 Wklv djdlq hvwdeolvkhv wkdw wkh wudqvyhuvdolw| frqglwlrq +51:,
lv vdwlvhg iru wkh ghflvlrq uxoh +515;,1 Wkh lqqlwh prylqj dyhudjh uhsuhvhqwdwlrq ri +D199, lv jlyhq e|
{w @  . w . F
w [
k@4


























u@+4  , u . u5@+4  ,4 . u@+4  ,








kOk/z l w kF 
3 @L 6 F / dqg F
k @ kFiru k  41 Wkxv fw/ dw4/ dqg |w
duh doo L +4,/ fw kdv qr guliw/ dw4 kdv d qhjdwlyh guliw/ dqg |w kdv d srvlwlyh guliw1 Wkhuh lv qrz rqh
frlqwhjudwlqj uhodwlrqvkls/ ehwzhhq fw dqg |g
w = Wkh pdwul{ +G3G4, lv ri udqn rqh/ dqg fdq eh ghfrpsrvhg
dv G3G4 @ 
3






















D47Dv iru vdylqj/ qrwh wkdw

3
{w @ Vw @ |@u . 
3
F +O,xw= +D1434,
Txdgudwlf Xwlolw|/ Kdelw Irupdwlrq/ Ulvn Vhqvlwlylw|/ Dulwkphwlf Surfhvvhv iru wkh H{rjhqrxv
Frpsrqhqw wr wkh Frqvxphu*v Dvsludwlrq dqg iru Oderu Lqfrph/ dqg Lqqlwho| Olyhg Uhsuh0
vhqwdwlyh Frqvxphu
Frqvlghu qh{w wkh vfhqdulr zkhuh ew lv jhqhudwhg e| wkh vwrfkdvwlf surfhvv +5173,1 Ohw
{w @

fw>d w  4 >| w >e w
 3
>
dqg zulwh +5175,/ +519, +iru m @ 4,/ +516,/ dqg +5173, dv d YDU+4, lq {w=




E E E E
C










E E E E
C
4 33  :
 44 . u 43
33 ! | 3
333 ! e
4


































F F F F
D
= +D1438,
Wkh YDU +D1435, fdq eh uhzulwwhq dv
+G3  G4O,+{ ww,@y w> +D1439,
ru
+L7  O,+{ ww,@x w> +D143:,






























+4 . u  !e,
> +D143<,
dqg  dqg  duh djdlq ghqhg wkurxjk +G3  G4, @ d4 dqg +G3  G4, @ d3  G41
Fdvh 4= A3/ ?u /m ! |m?4








/ ! |/d q g! e 1 Wklv hvwdeolvkhv wkdw wkh
wudqvyhuvdolw| frqglwlrq +51:, lv vdwlvhg iru wkh ghflvlrq uxoh +5175,1 Wkh lqqlwh prylqj dyhudjh uhsuhvhq0
wdwlrq ri +D143:, lv jlyhq e|




E E E E
C
(e























3 @ L7/ dqg F
k @ kiru k  41 Wkxv fw lv wuhqg vwdwlrqdu|/ dv lv dw41






qrwh wkdw vdylqj lv jlyhq e|
Vw @ 
3
{w @+  e |,@u . 
3
F +O,xw= +D1447,
Fdvh 5= A3/ ?u /! |@4








/4 /d q g! e1 Wklv djdlq hvwdeolvkhv wkdw wkh
wudqvyhuvdolw| frqglwlrq +51:, lv vdwlvhg iru wkh ghflvlrq uxoh +5175,1 Wkh lqqlwh prylqj dyhudjh uhsuhvhq0
wdwlrq ri +D143:, lv jlyhq e|
{w @  . w . F
w [
k@4




E E E E
C
(e





















E E E E
C
33 3 3











3 @ L7F/d q gF 
k@ kFiru k  41 Wkxv fw lv djdlq wuhqg vwdwlrqdu|/
dqg dw4 lv L +4, zlwk guliw1




































Wkh pdwul{ +L5P4  P5, lv ri udqn rqh/ dqg fdq eh ghfrpsrvhg dv L5P4 P5 @ 
3
/ zlwk +lpsrvlqj




















Dv iru vdylqj/ qrwh wkdw

3
{w @ Vw @+  e |,@u . 
3
F +O,xw= +D1458,
D4:Fdvh 6=  @3 /@u /m ! |m?4
Wkh hljhqydoxhv ri  duh jlyhq e| /4 /! |/d q g! e 1 Wklv hvwdeolvkhv wkdw wkh wudqvyhuvdolw| frqglwlrq +51:,
lv vdwlvhg iru wkh ghflvlrq uxoh +5175,1 Wkh lqqlwh prylqj dyhudjh uhsuhvhqwdwlrq ri +D143:, lv jlyhq e|
{w @  . w . F
w [
k@4




E E E E
C
(e





















E E E E
C
u@+4  , u . u5@+4  , u+4 . u  ,@'| u+  !e,@'e








'| @+ 4 ,+4.u! |,> +D1463,
dqg





3 @ L7 F/d q gF 
k@ kFiru k  41 Wkxv fw dqg dw4 duh erwk L +4,
zlwk guliw1
Wr ghulyh wkh frlqwhjudwlqj yhfwru dqg fruuhvsrqglqj dgmxvwphqw pdwul{/ frqvlghu wkh elyduldwh YDU lq
}w @

fw>d w  4
 3































Wkh pdwul{ +P3  P4, lv ri udqn rqh/ dqg fdq eh ghfrpsrvhg dv P3  P4 @ 
3
/ zlwk +lpsrvlqj wkh














Dv iru vdylqj/ qrwh wkdw

3
{w @ Vw @+  e |,@u . 
3
F +O,xw= +D146;,
Fdvh 7=  @3 /@u /! |@4
Wkh hljhqydoxhv ri  duh jlyhq e| /4 /4 /d q g! e 1 Wklv djdlq hvwdeolvkhv wkdw wkh wudqvyhuvdolw| frqglwlrq
+51:, lv vdwlvhg iru wkh ghflvlrq uxoh +5175,1 Wkh lqqlwh prylqj dyhudjh uhsuhvhqwdwlrq ri +D143:, lv jlyhq
e|
{w @  . w . F
w [
k@4




E E E E
C
(e





















E E E E
C
u@+4  , u . u5@+4  ,4 . u@+4  , u+  !e,@'e











3 @ L7  F/d q gF 
k@ kFiru k  41 Wkxv fw/ dw4/ dqg |w duh doo
L +4, zlwk guliw1
D4<Wr ghulyh wkh frlqwhjudwlqj uhodwlrqv dqg fruuhvsrqglqj dgmxvwphqw pdwul{/ frqvlghu wkh wulyduldwh YDU
lq }w @

fw>d w  4 >| w
 3







































Wkh pdwul{ +P3  P4, lv ri udqn rqh/ dqg fdq eh ghfrpsrvhg dv P3  P4 @ 
3
/ zlwk +lpsrvlqj wkh






















Dv iru vdylqj/ qrwh wkdw

3
{w @ Vw @+  e |,@u . 
3
F +O,xw= +D147<,
Txdgudwlf Xwlolw|/ Frqvwdqw H{rjhqrxv Frpsrqhqw wr wkh Frqvxphu*v Dvsludwlrq/ dqg Ilqlwho|
Olyhg Ryhuodsslqj Jhqhudwlrqv
Frqvlghu qh{w wkh fdvh zkhuh wkhuh duh ryhuodsslqj jhqhudwlrqv ri qlwho| olyhg frqvxphuv1 Ohw {w @ 
fw>d w  4 >| w
 3
/ dqg zulwh +5197,/ +5196, +odjjhg rqh shulrg,/ dqg +516, dv d YDU+4, lq {w=


















































Wkh YDU +D1483, fdq eh uhzulwwhq dv
+G3  G4O,+{ ww,@y w> +D1487,
ru
+L6  O,+{ ww,@x w> +D1488,
















u+5 . u,.s+4  s,
+4 . u,^+4 . u,  +4  s,+4,! |`
> +D148:,
dqg  dqg  duh ghqhg wkurxjk +G3  G4, @ d4 dqg +G3  G4, @ d3  G4166
Fdvh 4= ?u /m ! |m?4
Wkh hljhqydoxhv ri  duh jlyhq e| 3/ +4  s,+4.,@+4 . u,/ dqg !|1 Wkh lqqlwh prylqj dyhudjh uhsuhvhq0
wdwlrq ri +D1488, lv jlyhq e|
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Mi LM|@?i_ t4T*) M) 4TLt?} 4 ' o L? @** i ThittL?t ? @ti  @?_ @ti 2
D54'f @
^+4  ,s . `^u+5 . u,.s+4  s,`
^s . u .+ 4s , `^s.u+4  s,`
> +D1493,
'D @
+4  s,^.+4  ,u`






3 @ L6/ dqg F
k @ kiru k  4/ dqg wkh h{solflw h{suhvvlrq iru  lv dydlodeoh






qrwh wkdw vdylqj lv jlyhq e|
Vw @ 
3
{w @ 'D| . 
3
F +O,xw= +D1496,
Fdvh 5= ?u /! |@4
Wkh hljhqydoxhv ri  duh jlyhq e| 3/ 4  s/ dqg 41 Wkh lqqlwh prylqj dyhudjh uhsuhvhqwdwlrq ri +D1488, lv
jlyhq e|
{w @  . w . F
w [
k@4
















3 @ L6/d q gF 
k@ kiru k  4/ dqg wkh h{solflw
h{suhvvlrq iru  lv dydlodeoh xsrq uhtxhvw1 Wkxv fw dqg Dw4 duh erwk L +4, zlwk guliw> fw dqg |w duh
frlqwhjudwhg dqg frwuhqghg/ dv duh Dw dqg |w +wkrxjk glvsrvdeoh lqfrph lv L +4, zlwk guliw +'Du .4 , |,1
Wkh pdwul{ +G3  G4, lv ri udqn wzr/ dqg fdq eh ghfrpsrvhg dv G3  G4 @ 
3
/ zlwk +lpsrvlqj wkh











+Wkh h{dfw h{suhvvlrq iru  lv dydlodeoh xsrq uhtxhvw1, Dv iru vdylqj/ qrwh wkdw

3




D55Dsshqgl{ F= Surriv ri Sursrvlwlrqv
Sursrvlwlrq 514=
Wr vkrz wkdw h dg







u+4 . uh dw4,
= +D149;,









































































iru dq| duelwudulo| vpdoo  5 +3>4@u,1 Vlqfh wkh vdylqj udwh reh|v
vuw @
|h dw4
4.u h d w  4
> +D14:4,






u+4 . uh dw4,
= +D14:5,


























Revhuylqj wkdw h dg
w
s
$ 4@u/ lw uhdglo| iroorzv wkdw vuw
s
$ |@u1 Ixuwkhupruh/ vuw frqyhujhv dw wkh vdph udwh
dv h dg
w/ zklfk iurp +D149<, lv htxdo wr |
s
w  41 
D56Sursrvlwlrq 515=
Xqghu +51439, lw lv uhdglo| vkrzq wkdw
Su








































iru dq| duelwudulo| vpdoo  5 +3>4@u,1 Jlyhq wkdw wkh dvvhw0glvsrvdeoh lqfrph udwlr frqyhujhv lq suredelolw|
wr 4@u/ wkh surri wkdw
vuw
s
$ ^+4  s,+4,+4. |,4`@u
lv frqfhswxdoo| wkh vdph dv wkh vhfrqg sduw ri wkh surri ri Sursrvlwlrq 514/ dqg wkxv qhhg qrw eh uhshdwhg1

Sursrvlwlrq 614=67
Xsrq vxevwlwxwlqj wkh wd{ uxoh +6145, lqwr wkh shulrg0e|0shulrg jryhuqphqw exgjhw frqvwudlqw
gw @+ 4.u ,g w  4.j w w> +D14:9,
glylglqj rq erwk vlghv ri wkh uhvxowdqw htxdwlrq e| |w.4/ dqg uhduudqjlqj whupv/ +D14:9, ehfrphv68






|  % |>w.4



















zkhuh zw @ gw@|w.41 Wr ghulyh wkh dv|pswrwlf surshuwlhv ri izwj/ lwhudwh rq +D14:;, iruzdug iurp w @4 /
zlwk wkh lqlwldo frqglwlrq z31W k h qz klv jlyhq e|


































+4 . u  5,= +D14;3,
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D57Zh uvw hvwdeolvk wkdw zlwk suredelolw| rqh izwj dv|pswrwlfdoo| grhv qrw ghshqg rq lwv lqlwldo frqglwlrq/ z31











dqg wkxv/ dovr zlwk suredelolw| rqh/














/ wklv frhflhqw pxvw wkhq
































Qrwlqj wkdw xqghu +6146,  5 +3>4,/ lw lv uhdglo| vhhq wkdw





$ 3d vk $4 = +D14;8,










D @3 = +D14;9,
Qrwh wkdw wkh frqglwlrq wkdw %|w lv qrupdoo| glvwulexwhg lv pxfk vwurqjhu wkdq lv qhhghg iru +D14;9, wr krog1
Vhh/ iru h{dpsoh/ Shwury +4<<8, iru d glvfxvvlrq ri wkh odz ri wkh lwhudwhg orjdulwkp li qrw rqo| wkh qrupdolw|
dvvxpswlrq lv gursshg exw li lw lv dovr qrw vxssrvhg wkdw dq| prphqwv ri %|w h{lvw1
Wr hvwdeolvk wkdw izwj frqyhujhv joredoo| wr d zhoo0ghqhg vwhdg|0vwdwh suredelolw| glvwulexwlrq ixqfwlrq/










































D58wkh vhfrqg frpsrqhqw ri zk lq +D14:<, dv k $4 1 Frqvlghu uvw wkh lqqlwh vxp lq +D14;:,1 Iurp +D14;5,















































orj^orj+m .4 , `
m.4









h{lvwv zlwk suredelolw| rqh1 Frqvlghu qh{w wkh lqqlwh vxp lq +D14;;,1
Iurp wkh wuldqjoh lqhtxdolw|





















































h{lvwv zlwk suredelolw| rqh1 Djdlq fohduo| qhlwkhu wkh frqglwlrq wkdw %|w lv qrupdoo| glvwulexwhg qru wkh
frqglwlrq wkdw %w lv qrupdoo| glvwulexwhg duh qhhghg iru wklv dujxphqw wr dsso|1 Dv iru %|w/l wl vq r w
qhfhvvdu| wkdw %w kdyh prphqwv/ lw rqo| qhhgv wr eh qlwh0ydoxhg zlwk suredelolw| rqh1
Zh wxuq qh{w wr wkh +uvw wzr, prphqwv ri wkh vwhdg| vwdwh suredelolw| glvwulexwlrq ixqfwlrq ri wkh

















































































































































Wkxv/ xqghu +6149, wkh yduldqfh ri wkh vwhdg|0vwdwh glvwulexwlrq ri zw lv jlyhq e| +614:,1 Ilqdoo|/ qrwh wkdw
wkh phdq dqg yduldqfh ri wkh vwhdg|0vwdwh glvwulexwlrq ri zw fdq lq jhqhudo eh frpsxwhg xvlqj wkh prphqw
jhqhudwlqj ixqfwlrq ri %|w/ H^h{s+t% |w,`/ iru t @ 4>5/ dqg wkh uvw wzr prphqwv ri %w1 Wkxv/ wkh
qrupdolw| dvvxpswlrqv uhjduglqj %|w dqg %w duh qrw qhfhvvdu| frqglwlrqv iru wkh phdq dqg yduldqfh ri wkh
vwhdg|0vwdwh glvwulexwlrq ri zw wr h{lvw1 
Sursrvlwlrq 615=
Vxewudfwlqj wkh shulrg0e|0shulrg exgjhw frqvwudlqw iru wkh jryhuqphqw/ +D14:9,/ iurp wkdw ri wkh frqvxphu/
+61;,/ dqg vxevwlwxwlqj wkh ghflvlrq uxoh +6154, lqwr wkh uhvxowlqj h{suhvvlrq rqh rewdlqv wkh vhfrqg0rughu
glhuhqfh htxdwlrq
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lw lv hdvlo| yhulhg wkdw +D1533, pd| eh uhzulwwhq dv
tw @ h{s+%|w,t w4.h  w= +D153;,
Wr ghulyh wkh dv|pswrwlf surshuwlhv ri itwj +dqg khqfh dovr ih zwj,/ lwhudwh rq +D153;, iruzdug iurp w @4 /



















Zh uvw hvwdeolvk wkdw zlwk suredelolw| rqh itwj +dqg khqfh dovr ih zwj, dv|pswrwlfdoo| grhv qrw ghshqg












































D5;Ghqh wkh frhflhqw  vxfk wkdw





















D @3 = +D1548,













Wr hvwdeolvk wkdw itwj +dqg khqfh dovr ih zwj, frqyhujhv joredoo| wr d zhoo ghqhg vwhdg|0vwdwh suredelolw|
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h{lvwv iru o @4 >5 >===>91 Vlqfh vxsm m(o>kmm lv qlwh zlwk suredelolw| rqh/ iurp +D14<5, lw lv fohdu wkdw wkh
olplw lq +D155;, h{lvwv iru o @4 >5 >===>91 \hw djdlq/ iru wkh uhdvrqv glvfxvvhg lq wkh surri ri Sursrvlwlrq
614/ qrupdolw| ri %|w/ %ew/d q g% jw lv qrw uhtxluhg iru wklv dujxphqw1 Zh kdyh wkxv hvwdeolvkhg wkh hujrglflw|
ri ih zwj xqghu wkh frqglwlrqv +615<, dqg +6163,1
Vxevwlwxwlqj iru w  jw lq
|w  w  fw @ dw  gw  +4 . u,+d w4g w4,+ wj w,> +D155<,
iurp wkh wd{ uxoh +6145,/ dqg vxevwlwxwlqj wkh uhvxowdqw h{suhvvlrq lqwr +615:,/ lw lv uhdglo| vhhq wkdw li wkh qhw
dvvhw0oderu lqfrph udwlr iroorzv dq hujrglf surfhvv/ wkhq vr grhv wkh sulydwh vdylqj udwh1 Ixuwkhupruh/ vroylqj
+615:, iru fw dqg vxevwlwxwlqj iru w lq wkh uhvxowdqw h{suhvvlrq iurp wkh wd{ uxoh +6145,/ lw lv dovr uhdglo|
vhhq wkdw li wkh qhw dvvhw0oderu lqfrph udwlr iroorzv dq hujrglf surfhvv/ wkhq vr grhv wkh frqvxpswlrq0oderu
lqfrph udwlr1
Zh qdoo| wxuq wr wkh uvw prphqw ri wkh vwhdg|0vwdwh suredelolw| glvwulexwlrq ixqfwlrq ri wkh qhw dvvhw0
oderu lqfrph udwlr/ wkh sulydwh vdylqj udwh/ dqg wkh frqvxpswlrq0oderu lqfrph udwlr1 Iurp wkh deryh lw
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@h  = +D1567,
Lw pd| eh uhdglo| yhulhg wkdw
h   @
+4 . ,
5 .+ 4. ,+.,
+4 . ,+u,
@
+4 .   ,+4.,
+4 . ,+u,
= +D1568,
Xqghu uA3/   3/  5 ^3>4,/ dqg  5 +3>4`/ lw lv fohduo| wuxh wkdw h    31 Li h    3/ lw wkhq uhdglo| iroorzv
iurp +6164, dqg +6165, wkdw   31 Wr ghulyh wkh phdq ri wkh vwhdg| vwdwh glvwulexwlrq ri wkh sulydwh vdylqj
udwh dqg wkh phdq ri wkh vwhdg| vwdwh glvwulexwlrq ri wkh frqvxpswlrq0oderu lqfrph udwlr/ qrwh +D155<,1
Vxevwlwxwlqj iru w  jw lq +D155<, iurp wkh wd{ uxoh +6145,/ dqg vxevwlwxwlqj wkh uhvxowdqw h{suhvvlrq lqwr
+615:,/ wkh phdq ri wkh vwhdg| vwdwh glvwulexwlrq ri wkh sulydwh vdylqj udwh +6169, lv uhdglo| ghulyhg1 Vroylqj
+615:, iru fw dqg vxevwlwxwlqj iru w lq wkh uhvxowdqw h{suhvvlrq iurp wkh wd{ uxoh +6145,/ wkh phdq ri wkh
vwhdg| vwdwh glvwulexwlrq ri wkh frqvxpswlrq0oderu lqfrph udwlr +616:, lv dovr uhdglo| rewdlqhg1 Qrwh wkdw
wkh phdqv ri wkh vwhdg|0vwdwh glvwulexwlrqv ri wkh qhw dvvhw0oderu lqfrph udwlr/ wkh sulydwh vdylqj udwh/ dqg
wkh frqvxpswlrq0oderu lqfrph udwlr fdq lq jhqhudo eh frpsxwhg xvlqj wkh prphqw jhqhudwlqj ixqfwlrqv ri
%|w/ %ew/ %jw/ H^h{s+t% ow,`/ iru o @ |>e>j/ dqg t @ 4>41 Wkxv/ wkh qrupdolw| dvvxpswlrqv uhjduglqj %|w/ %ew/
dqg %jw duh qrw qhfhvvdu| frqglwlrqv iru wkh phdqv ri wkhvh vwhdg|0vwdwh glvwulexwlrqv wr h{lvw1 
Uhpdun 615=























































































Wdnlqj xqfrqglwlrqdo h{shfwdwlrqv ri +D156:,/ xqghu +616<, dqg +6173, xsrq vrph dojheud rqh rewdlqv +6174,1
Qrwh wkdw wkh yduldqfh ri wkh vwhdg|0vwdwh glvwulexwlrq ri h zw fdq lq jhqhudo eh frpsxwhg xvlqj wkh prphqw
D64jhqhudwlqj ixqfwlrqv ri %|w/ %ew/ %jw/ H^h{s+t% ow,`/ iru o @ |>e>j/ dqg t @ 5>4>4>51 Wkxv/ wkh qrupdolw|
dvvxpswlrqv uhjduglqj %|w/ %ew/d q g% jw duh qrw qhfhvvdu| frqglwlrqv iru wkh yduldqfh ri wkh vwhdg|0vwdwh
glvwulexwlrq ri h zw wr h{lvw1 
D65Uhihuhqfhv
Djhqru/ S1U1 +5333,= Wkh Hfrqrplfv ri Dgmxvwphqw dqg Jurzwk/ Vdq Glhjr= Dfdghplf Suhvv
+Iruwkfrplqj,1
Dqgr/ D1/ dqg I1 Prgljoldql +4<96,= Wkh _Olih0F|foh% K|srwkhvlv ri Vdylqj= Djjuhjdwh Lpsolfd0
wlrqv dqg Whvwv/ Dphulfdq Hfrqrplf Uhylhz/ :6/ 880;71
Dvfkdxhu/ G1D1 +4<;8,= Ilvfdo Srolf| dqg Djjuhjdwh Ghpdqg/ Dphulfdq Hfrqrplf Uhylhz/ :8/
44:045:1
Dwwdqdvlr/ R1S1 +5333,= Frqvxpswlrq/ lq= M1S1 Wd|oru dqg P1 Zrrgirug +Hgv1,= Kdqgerrn ri
Pdfurhfrqrplfv/ Dpvwhugdp= Qruwk Kroodqg +Iruwkfrplqj,1
Dwwdqdvlr/ R1S1/ O1 Slffl/ dqg D1 Vfrufx +4<<;,= Vdylqj/ Jurzwk/ dqg Lqyhvwphqw= D Pdfurhfr0
qrplf Dqdo|vlv Xvlqj d Sdqho ri Frxqwulhv/ Plphr/ Xqlyhuvlw| Froohjh Orqgrq dqg Xqlyhuvlw| ri
Erorjqd1
Elqghu/ P1/ dqg P1K1 Shvdudq +4<<:,= Pxowlyduldwh Olqhdu Udwlrqdo H{shfwdwlrqv Prghov= Fkdu0
dfwhul}dwlrq ri wkh Qdwxuh ri wkh Vroxwlrqv dqg Wkhlu Ixoo| Uhfxuvlyh Frpsxwdwlrq/ Hfrqrphwulf
Wkhru|/ 46/ ;::0;;;1
Elqghu/ P1/ dqg P1K1 Shvdudq +5333,= Olih0F|foh Frqvxpswlrq Xqghu Vrfldo Lqwhudfwlrqv/ Mrxuqdo
ri Hfrqrplf G|qdplfv dqg Frqwuro +Iruwkfrplqj,1
Elqghu/ P1/ P1K1 Shvdudq/ dqg V1K1 Vdplhl +5333,= Vroxwlrq ri Qrqolqhdu Udwlrqdo H{shfwdwlrqv
Prghov zlwk Dssolfdwlrqv wr Ilqlwh0Krul}rq Olih0F|foh Prghov ri Frqvxpswlrq/ Frpsxwdwlrqdo
Hfrqrplfv +Iruwkfrplqj,1
Eodqfkdug/ R1M1 +4<;8,= Ghew/ Ghflwv/ dqg Ilqlwh Krul}rqv/ Mrxuqdo ri Srolwlfdo Hfrqrp|/< 6 /
556057:1
Fduuroo/ F1G1 +4<<:,= Exhu Vwrfn Vdylqj dqg wkh Olih F|foh2Shupdqhqw Lqfrph K|srwkhvlv/ Txdu0
whuo| Mrxuqdo ri Hfrqrplfv/ 445/ 408:1
Fduuroo/ F1G1/ dqg G1Q1 Zhlo +4<<7,= Vdylqj dqg Jurzwk= D Uhlqwhusuhwdwlrq/ Fduqhjlh0Urfkhvwhu
Frqihuhqfh Vhulhv rq Sxeolf Srolf|/ 73/ 46604<51
Fodulgd/ U1K1 +4<<4,= Djjuhjdwh Vwrfkdvwlf Lpsolfdwlrqv ri wkh Olih0F|foh K|srwkhvlv/ Txduwhuo|
Mrxuqdo ri Hfrqrplfv/ 439/ ;840;9:1
Ghdwrq/ D1 +4<<4,= Vdylqj dqg Oltxlglw| Frqvwudlqwv/ Hfrqrphwulfd/ 8</ 4454044751
Ghdwrq/ D1 +4<<5,= Xqghuvwdqglqj Frqvxpswlrq/ R{irug= Foduhqgrq Suhvv1
Ghdwrq/ D1 +4<<<,= Vdylqj dqg Jurzwk/ lq= N1 Vfkplgw0Kheeho dqg O1 Vhuyhq +Hgv1,= Wkh Hfr0
qrplfv ri Vdylqj dqg Jurzwk/ Fdpeulgjh= Fdpeulgjh Xqlyhuvlw| Suhvv/ 660:31
U4Hgzdugv/ V1 +4<<9,= Zk| Duh Odwlq Dphulfd*v Vdylqjv Udwhv vr OrzB Dq Lqwhuqdwlrqdo Frpsdud0
wlyh Dqdo|vlv/ Mrxuqdo ri Ghyhorsphqw Hfrqrplfv/ 84/ 80771
Jdol/ M1 +4<<3,= Ilqlwh Krul}rqv/ Olih F|foh Vdylqjv dqg Wlph Vhulhv Hylghqfh rq Frqvxpswlrq/
Mrxuqdo ri Prqhwdu| Hfrqrplfv/ 59/ 76607851
Jrxulqfkdv/ S10R1/ dqg M1D1 Sdunhu +4<<9,= Frqvxpswlrq Ryhu wkh Olihf|foh/ Plphr/ PLW dqg
FHUDV1
Kdoo/ U1H1 +4<:;,= Vwrfkdvwlf Lpsolfdwlrqv ri wkh Olih F|foh0Shupdqhqw Lqfrph K|srwkhvlv= Wkhru|
dqg Hylghqfh/ Mrxuqdo ri Srolwlfdo Hfrqrp|/ <9/ <:40<;:1
Kdqvhq/ O1S1/ dqg W1M1 Vdujhqw +4<<<,= Uhfxuvlyh Prghov ri G|qdplf Olqhdu Hfrqrplhv/ Xqlyhuvlw|
ri Fklfdjr dqg Krryhu Lqvwlwxwlrq1
Kdqvhq/ O1S1/ W1M1 Vdujhqw/ dqg W1G1 Wdoodulql/ Mu1 +4<<<,= Urexvw Shupdqhqw Lqfrph dqg Sulflqj/
Uhylhz ri Hfrqrplf Vwxglhv/ 99/ ;:60<3:1
Kdtxh/ Q1X1/ P1K1 Shvdudq/ dqg V1 Vkdupd +5333,= Qhjohfwhg Khwhurjhqhlw| dqg G|qdplfv lq
Furvv0Frxqwu| Vdylqjv Uhjuhvvlrqv/ lq= M1 Nulvkqdnxpdu dqg H1 Urqfkhwwl +Hgv1,= Sdqho Gdwd
Hfrqrphwulfv 0 Ixwxuh Gluhfwlrqv= Sdshuv lq Krqrxu ri Surihvvru Edohvwud/ Dpvwhugdp= Hovhylhu
Vflhqfh +Iruwkfrplqj,1
Kduwpdq/ E1/ dqg F1 Hqjho +4<<;,= D Furvv0Frxqwu| Dqdo|vlv ri Vdylqj/ Plphr/ Lqwho Frusrudwlrq
dqg Xqlyhuvlw| ri Zdvklqjwrq1
Kxeedug/ U1J1/ M1 Vnlqqhu/ dqg V1S1 ]hoghv +4<<8,= Suhfdxwlrqdu| Vdylqj dqg Vrfldo Lqvxudqfh/
Mrxuqdo ri Srolwlfdo Hfrqrp|/ 436/ 69306<<1
Pdvvrq/ S1U1/ W1 Ed|rxpl/ dqg K1 Vdplhl +4<<;,= Lqwhuqdwlrqdo Hylghqfh rq wkh Ghwhuplqdqwv ri
Sulydwh Vdylqj/ Zruog Edqn Hfrqrplf Uhylhz/ 45/ 7;608341
Ph|q/ V1S1/ dqg U1O1 Wzhhglh +4<<6,= Pdunry Fkdlqv dqg Vwrfkdvwlf Vwdelolw|/ Orqgrq= Vsulqjhu
Yhuodj1
Prgljoldql/ I1 +4<:3,= Wkh Olih0F|foh K|srwkhvlv ri Vdylqj dqg Lqwhufrxqwu| Glhuhqfhv lq wkh
Vdylqj Udwlr/ lq= Z1D1 Howlv/ P1I1J1 Vfrww/ dqg M1Q1 Zroih +Hgv1,= Lqgxfwlrq/ Wudgh/ dqg Jurzwk=
Hvvd|v lq Krqrxu ri Vlu Ur| Kduurg/ R{irug= R{irug Xqlyhuvlw| Suhvv/ 4<:05581
Prgljoldql/ I1 +4<<4,= Uhfhqw Ghfolqhv lq wkh Vdylqjv Udwh= D Olih F|foh Shuvshfwlyh/ lq= P1
Edogdvvduul/ O1 Sdjdqhwwr/ dqg H1V1 Skhosv +Hgv1,= Zruog Vdylqj/ Survshulw|/ dqg Jurzwk/Q h z
\run= Vw1 Pduwlq*v Suhvv/ 57<05;91
Prgljoldql/ I1/ dqg U1 Euxpehuj +4<87,= Xwlolw| Dqdo|vlv dqg wkh Frqvxpswlrq Ixqfwlrq= Dq
Lqwhusuhwdwlrq ri Furvv0Vhfwlrq Gdwd/ lq= N1N1 Nxulkdud +Hg1,/ Srvw0Nh|qhvldq Hfrqrplfv/Q h z
Euxqvzlfn= Uxwjhuv Xqlyhuvlw| Suhvv/ 6;;07691
U5Pxhooedxhu/ M1/ dqg U1 Odwwlpruh +4<<8,= Wkh Frqvxpswlrq Ixqfwlrq= D Wkhruhwlfdo dqg Hpslu0
lfdo Ryhuylhz/ lq= P1K1 Shvdudq dqg P1U1 Zlfnhqv +Hgv1,= Kdqgerrn ri Dssolhg Hfrqrphwulfv=
Pdfurhfrqrplfv/ R{irug= Edvlo Eodfnzhoo/ 5540 6441
Rjdnl/ P1/ M1 Rvwu|/ dqg F1 Uhlqkduw +4<<9,= Vdylqj Ehkdylru lq Orz0 dqg Plggoh0Lqfrph Ghyho0
rslqj Frxqwulhv/ LPI Vwd Sdshuv/ 76/ 6;0<:1
Shvdudq/ P1K1/ dqg U1 Vplwk +4<<8,= Wkh Uroh ri Wkhru| lq Hfrqrphwulfv/ Mrxuqdo ri Hfrqrphwulfv/
9:/ 940:<1
Shvdudq/ P1K1/ \1 Vklq/ dqg U1M1 Vplwk +5333,= Vwuxfwxudo Dqdo|vlv ri Yhfwru Huuru Fruuhfwlrq
Prghov Zlwk H{rjhqrxv L+4, Yduldeohv/ Mrxuqdo ri Hfrqrphwulfv +Iruwkfrplqj,1
Shwury/ Y1Y1 +4<<8,= Olplw Wkhruhpv ri Suredelolw| Wkhru|= Vhtxhqfhv ri Lqghshqghqw Udqgrp
Yduldeohv/ R{irug= Foduhqgrq Suhvv1
Skdp/ G1W1 +4<;9,= Wkh Pl{lqj Surshuw| ri Elolqhdu dqg Jhqhudol}hg Udqgrp Frhflhqw Dxwruh0
juhvvlyh Prghov/ Vwrfkdvwlf Surfhvvhv dqg Wkhlu Dssolfdwlrqv/ 56/ 5<406331
Udr/ P1E1/ W1V1 Udr/ dqg D1P1 Zdonhu +4<;6,= Rq wkh H{lvwhqfh ri Vrph Elolqhdu Wlph Vhulhv
Prghov/ Mrxuqdo ri Wlph Vhulhv Dqdo|vlv/7 /< 8 0 4 4 3 1
Vlpv/ F1D1 +4<<8,= Hfrqrphwulf Lpsolfdwlrqv ri wkh Jryhuqphqw Exgjhw Frqvwudlqw/ Plphr/ \doh
Xqlyhuvlw|1
Vwrqh/ U1 +4<97,= Sulydwh Vdylqj lq Eulwdlq/ Sdvw/ Suhvhqw/ dqg Ixwxuh/ Wkh Pdqfkhvwhu Vfkrro ri
Hfrqrplf dqg Vrfldo Vwxglhv/ 65/ :<04451
Zhlo/ S1 +4<<6,= Suhfdxwlrqdu| Vdylqjv dqg wkh Shupdqhqw Lqfrph K|srwkhvlv/ Uhylhz ri Hfrqrplf
Vwxglhv/ 93/ 69:06;61
Zklwwoh/ S1 +4<<3,= Ulvn0Vhqvlwlyh Rswlpdo Frqwuro/Q h z\ r u n =M r k qZ l o h | 1
Zloodvvhq/ \1 +4<<5,= Rswlpdo Frqvxpswlrq Ryhu Wlph Zlwk Qrq0Vhsdudeoh Djjuhjdwh Xwlolw|/
Plphr/ Xqlyhuvlw| ri Rvor1
\ddul/ P1H1 +4<98,= Xqfhuwdlq Olihwlph/ Olih Lqvxudqfh/ dqg wkh Wkhru| ri wkh Frqvxphu/ Uhylhz
ri Hfrqrplf Vwxglhv/ 65/ 46:04831
U6